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CHAPTER ONE 
LINEAR EQUATIONS IN TWO UNKNOWNS 



1. Definition of Function - Function Notation ^ 

One variable, say y, is a function of a second variable, 
say X, if and only if for each value of x there corresponds 
one aAd only one value of y. Denote y as a function of x 
by y « f (x) , read "y equals f of x*. A corresponding pair 
of values of x and y is written as an ordered pair (x,y) • 

Examples. 

l.i In the formulaic » 2irr, the circtmference of 
a circle C is a function of the radius r since 
_ a given radius r corresponds to one*and only 

one circumference C. This function can be 
denoted as C » f (r) or f(r) * 2irr^ If a value 
of the radixis is gii^n, say 5 meters, then the ' 
notation C * f (r) is changed to C » f (5) where 
.f(5) « 2 • ir* • 5 « lOir met«s. Thus, the cir- 
cumference lOir meters corresponds to a radius 
of 5 meters forming the ordered pair (5,10tr). 

1*2 The correspcfidence between two variables s and 
t given by s^ » 4t does not represent s as a 
function of t ^because a va*lu6 of t, say 25, 
corresponda to two values of s, namely -10 
and 10. . 

1.3 In example 1*2, t is a function of s since for 
eadi value of s th6re corresponds exactly one 
> ' value of t. Some corresponding pairs are (4,4), 

(100,25) and (-1,1)^ 

2. Linear Function e 

The variabl^y is a linear function of the variable x if 
the difference between any Vik> values of x divided into 
tha^ difference of the correaponding values o f y is constants 



This functional relationship is expressed by an equation of 
tJie form y « ax ^ b or f (x) - a^-f b where a ^and b are 



constants. 
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Examples. 
2.1 



The X and y values in the table below define 
y as a linear function of x. The ratio of 
the differences in corresponding values of . 
X and y is the constant 2. 

11-9 2 ^ ^ 3-11 .-8^2 



etc/ 



The equation y - 2x + 3 for x = 0^ 1^ 2^ 3^ 
symbolizes this function. 



and 4 



2.2 









2 


3 1 


1 ^ 


7\ 






7 


9 


11 



The table of values shown at the ri^t 
does not cteflne s as a linear function 
of t since not every ratio of differ- 
ences in corresponding values of s and 
t is the same; that is, 
16-8 8 J 36 - 24 _ 12 _ , 



2.3 The equations f (x) » 3x + 14, y « -14x, 

s « -3t - 5, and pCt) - 3 (p(t) « 0 • t + 3) 
express a first variable as a linear function 
of a second variable. 

2 4 
2.4, The TOuations y - 4x - 2x, F(t) » 3t , 

s - »x reptesen^ jionlinear^jfiinctA^Mi — 





<* 


s 


t 


2 


8 


4 


16 


6 


24 


8 


36 



and 



Exercise Set 1 

1/ Determine if y is a linear function of x from the given 
table of values. Also, express each linear relation- 
ship in equation form. 



a. X 1 0 1 








14 b. xj 


10 


y 1 0 








112 , yl 


22 



30 



62 



40 1 50 



82 I 102 



c. 



-5 



-4 I -3 I -2 I -1 



d. 



y I 5 Ill|l7 



12 



15 



s 



r 

/ 
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\ 

j2. Which of the following equations defj.ne a linear 
/ * function? • - 



b. if = 10 - t I c. f(z) =2 + 9' 



I, y -x' 

d. f (z) ^ft'^ - c. |> - q j f . q = 3 



of 6.00 kilometers 



3. An automobile travelin^g a distance 
has an average speed v and time t given by^ the equa- 
tion V « 600/t. Is the relationship between v and t 
linear? 

4. The Celsius (C) and Fahrenheit (P) ten«>eratur'e conversion 
formula is C » 5/9 (P • 32). Is the relationship between 
Celsius and Fahrenheit teii?>erature linear? 

5. The formula V, » V (1 + .00366T) is applied in the 
study of expansion of gases. If is a constant, 
is Vj^ a linear function of T? 

Linear Equations in Two Unknowns - A Different form of 
Linear Function . 

The linear function y • 2x/3 - 1/3 can be manipulated 
algebraically to give 2x ^ 3y * 1. The variable y is 
still consid^ed a linear function of\x in-fc>ils new 
equation form, called a linear equation in two unknowns . 

In ^enerai, ^linear equation in two unknowns lias the 
litaKdard form ax -t-^v « c where a, b, and c are constants. 
Examples of equations of this type are 3x + y » 7, 
2m - n = 0, 3y = 6, and 2t - 11-0. 

A solution of a linear equation in two unknowns x and y 
is an ordered pair (x/y) which makes the equation true. 
For example r the ordered pair (5,3) is a solution of l^he 
aquation 2x - Sy «. 1. To find a solution, give x, a value, 
stdDStitute this value into the equation and solve for the 
corresponding value of y. To find absolution of 5x - 2y » 7, 
let X be some valtae, say 3, then 5(3) - 2y « 7 from which 
y ■ 4. The Solution iff^,*^. 



0 



V Exercise Set* 2 

1. For the given equatic^'and a value of qne. variable, 
find the correspojiding value^ of the second variable 
and write an ordered pair solution of the equationr^ 

3 

a. 3x 4- 5y « 0, X « 5 b. 4s 7 -t « 10 , s » j 

c. -8x • 3y « 15, X « 0.6 d. ^x, y = 16 

2. Given 3t - p - 1, conqplete the table and write the 
five associated solutions of the equation. ^ « 









-3 


A' 
I 


4.6 















3. Given the equation 2m - 5n = 1^8, find five ordered 
pairs of the fdrro (ra,n) which satisfy the equation; 

t 

4. If (3,4) is a solution of ax°- y « 26, what is the 
value o'f the constant a? 



-4.- The Jlectanqulajr Coordinate System. 

•-■^ 

Two nutter line»? one representing the values of x, .a second 
the values of y, placed perpendicular in a pla/ie so their 
* origins cooincide, form a rectangular coordinate system (See 
Figure 1.1). The number lines are called ccTordinatelixes 
with positive directions to the right for x ano^^upwara ror 
y. The axes divide the coordinate plane 
into four quadrants which are ' y>axla 

enumerated with Rom«m 
Numerals as shown in 

the figure. The , II 

point of Inter- 
8ect;ion of the 
axes is called 
the origin . " 



4 
3 

--.2' 
1 



Each point in a 
coordinate plane is 
the graph of an ordered 
i>air'*Tx>ty) . For example, 
a ppint In the plane is the 
graph of (-5,3) where -5 is the 
X - coordinate and 3 is the 
_^_ y-g^-eeerdtnate of the poin^'v 



-4 -3 -2 -1 



ni 



■4 1 f . t 

1 2 3 4 



x-axiK 



-1 
-2 

-1-3 

-4 



IV 



KIC 



iO 



Figure 1.1 
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Ai>oint P in theVplane Whose ooordinates are (x,y) , written 
P(x,y)/. i% l-ocated b5^*8Virtinf from.th^ origin and moving to 
the X - coordinatis on the ^ " axia,_JProiB this point, owe 
vertically in the direetion andidistance^itidicated by the 
y - coordinate. Thif terminal point is the graph of P(x,y).- 

^ Exanplei. 

4.1 Locate the point P(x#t) whose coordinates are 

a. (4,3) . 



From the origin, 
move right 4 
units on»the 
X - axis,' then 
up 3 units . 
to P. ^ 



P(4,3) 



» > » ' >x ^ 



b. (-5,-1) . . Prom the origin, 

move left 5 . 
units then 
down 1 unit 
to P. 



I I I I I 
P'(^5,-1 



c. (0,-3) 



• From the origin, 
do not move left 
or right but 
move dovrn 3 
to P. 



Figure 1.2. 



i 








1 1 « *-- 






;p (0,-3) 


.2. 





4.2 C^jraph five solutions of the equation 3x - y - 1. 

/ ' 

Step 1. Complete a table of values foOr.S values 
of X. 



• X 10 l-li 1 I -2i 2 



x| 0 1 


-1 






2 


yU 


•4 


ft! 




5 



ERIC 



11 
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Step. 2. Form five solutions from tjie table: 
4 (0,-1), (-1,-4), (l,2J:,-t-2,-7), (2,5) 

lUS tep 3^. Graph the solutions on a coordinate 
system* ^"^^^^^ 

y 



> » t * 1 1 I ♦ 



< > < I 




1. Plot the graph of each orde^d pair and state the 
quadrant it is in. 



(3,1) b. 15,-7) 



(-8 ,-2) d. (-6,5) 



2. Graph the five solutions /of the equation x - 2y « 5 
corrdspohding to >- - 0, ^2, 3,-5, and 4. 

/ * , 

3. Pasa a strai^t line throu^ the points P. (0,0) 
and p2(2,l) in a coordinate system. Determine ^ 
whi^ of the folloiiring points lie on this line. 

r a. PC3,5) b. Q(4,2) c. R(-2,l) 



d. S(-2,-l) 



T(4,-2) 



f. M(7,9) 



Graph of a Linear Functiwi i|n IVo UnKnovns . 

Let y be'a f unq^ion of x giyen by y » ax + b. The graph of 
all solutions of /this liquation is called the ^aph of the 
function e " I 

- ' \ 

Similiarly, ]if the linear function is expressed in the focm 
air -t* by «• the graph of all solutions of this equatipn 
is called the graph of the equation e 
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The names 'linear functi6' * and * linear equation' are 
derived from the fact thru their graph is a straight line. 



BxampJefl . 

5.1 Graph th/fe function y « 2x - 3. 
Step 1. 



Give X values and find the cprres- 
ponding values of y. Even thpugh 
2 points are sufficient to deter- 
mine the line, a third point will 
be found to chedc for possible. \ 
error . 



4 I -1 



y I I 
Step 2. 

Step 3. 



-3 



-1 



-5 



From the table, list solutions of 
the given equation: (0,-3) , (4,5), 
(-lr-5) 



Graph the solutions "Fi<)nr i'tep~2 and 
using a straight edge, pass a straight 
line throuigh those points. This line 
is the graph of y « 23^ - 3 , 

y 4 




Figure 1.4 

»5.2 Grcaph 2x + 3y = 6. 

Step 1. Give x values and evaluate y. 



.0161-3* 



6 I -3 



2 -2 



» 
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Step 2. List solutions of 2x •<- 3y > 6 from 
tha tablet (0,2), (6,-2), (-3,4) 

Step 3. Pass a stral^t line through the 

gratis of the solutions. This line 
is the graph of 2x 3y » 6. 




5.3 Graph f(x) « 2. 

Step 1. Assign x values and solve for f(x). 
Consider f (x) » O-x + 2. 



X 



-3 I 4 [ 0 



4Hf 



step 2. Ordered pair solutions are- (-3,2) , 
-(Vr2), and (4^2 K 

Step 3. Pass a line through the graphs of 

(-3,2) and (4,2) which is the graph 
of the function f(x) > 2. 



: 5 



-5 



f(x) 



Figure 1*6 
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5*4 The Cel«iuft and Fahrenheit tenqperature conver* 
sloii formula, C » 5(f . 32), expresses C as a 
linear function of^F* Graph this linear func- 
tion for values of F between 0^ and 212^. 

Step 1. Give F values within the Indicated 
range 0^ to 212 and solve for co*-- 
responding values of It "^is con-' 
venient to let F « 0^ and 212^ to 
establish the range of values of C 
for the graph • 





P 1 


0 


212 1 


32 


F 1 0 1 212 1 32 


c 1 


_160 


100 


0 



Step 2. Connect the graphs of '(0, ^S^) , 
(212,100), and (32,0) with 
straight edge to produce tne graph 
of the given linear function for 
the specified values of F. 



\ 


4 












. J.00 




>» (212,100) 






► 80 
. 60 










- 40 










. 20 > 










• -20 


100 
Figure 1.7 


— < 1 > p 

200 . 






Exercise, 


Set 4 





1. Graph the following linear functions. 

a. y - 2x - 4 b. s = -4t + 5 



c. y - -4 



d. V s T 



2. Graph each linear equation in two unknowns. 

a. 3x - 4y » 12 b. 35ro - 70n « 300 

c. 4x - y = 0 d. X = 0 ^ ^ 

3. h car> traveling at a constant speed of 30 kilometers 
per hour^ goes ^ distance of d kilometers in t hours 
given by d « 30t. Graph d as a linear function of t 
for t between 1/2 and 4 hours. 



Distance Between Two Points in The Plane . 

When two points lie on a horizontal or vertical line^ a 
directed ^distance from one point to another or an un- 
directed^jaifltance between the points can be calculated. 
Figure 1.8 and the table illustrates the types of dis- 
tances axid how they can be determined. . 



I i I 




4 1 — 1—4 — I — I — > 



Figure 1«8 



, ic 



r 
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Descrlptlon 
of 



Symbol 
for 



Distance 



Sign of 



Distance 


Movement 


distance Calculation 


Distance 


Directed, 
»'l to P2 


Horizontally r 
left: to right 


PHP" 




positive 


Directed, 

h 


Horizontally, 
right to left 




Xj^-Xj 


negative 


Directed, 
^3 ^4 


Vertically, 
up 


' 3 4 




positive 


— — ^ Directed, 
• to P3' 


Vertically, 
dcwn 


^3 


73-74 


negative 


Undirected, 
between and P2 


Ndne 




jx^-xjj = [xj-x^l 


positive 


Undirected, 
~~ between^ ^3 a;id E.^ 


None 




|74-73f=|73-7j 


positive 













Exanples • ' 

6.1 Find the directed distance from Pj^(9,3) to ^2(27,^7 

Step 1. Since liiie second coordinates are the same, 
the line containing the points is hori- 
zontal. Hence, the eq^jation of the line 

- is T = 3' 



Step 2. 
Step 3. 



This positive distance is found by the 
left to ri^t movement on the line (from 
lesser to greater values of x) • 



Subtract the lesse r x value' from the 
greater x value* P^P^ 
27 - 9 « 18 units. 



X2 - Xj^ = 



6.2 Find the undirected distance between P, (8,-4) 
and Pj (8,-16) . , 



Step i. ^ince the fijfst coordinates are the 
same, the points lie on a vertical 
line whose equation is x 8. 



I ERIC 



17 



step 2. Ip^FJ'H -<-16)| 12 units 

which also equals |-16 -(-4)|»hl2| 
- 12 units. 

The 'distance between any two Points in the Plaj»« J*f 
found by applying the Pythagorean Theorem ^^Jf^, '^^^Jf ,^ 
lla^ a right triangle, tie square of the hypotenuse Jside 



^poBitTthe ii^t aiglet equals tlie sum of th^ square, 
of the other two sides'. 

in Figure 'iX the distance between P,(jc,,y,) and ^2^^2»^2^ 
is the length of the hypotenuse of the right 



triangle whose other two sides are 
y^ - yj^ and Xj - Xj^. By the Theorem, 

2 



(X. 



from whi<di 



- X,)2 + (y - y )2 



This relationship is called i- he distance formula. 

y V*2'y2^ 







T 




L , 2 1 





Exan{>le. 



I'i5ure 1.9 



6.3 The undirected distance from ^^(3,5) to Pj^"®'*^ 

^' 1^2! " - 3».^+<5 - - /81 + " 

■ */ir7 units 



is 



Exercise Set 5 

1. Refer to figure 1.10 to find the indicated directei^ 
or undirected distance. 



^ — ep- 



c. 



d. P3O 



e. OP, 



f. 



I. lopjl 



h. \VJ^ 



P4{-2,0) 



(0,0) 



f P2(5,4) 



I » 



Pj^CS.O) 



P3(0,-3) 



Figure 1.10 



Slope of a Line. * 

On a nonhorizontal gl^ aigli t line, as the va lues of x in- 
crease, the~ corresponding values of y will 
or 43crease. In Figure 1.11., as 
X increases from 1 to 2, the 
corresponsing values of y in- 
crease for lines A and 
and decrease for line C. 
This increase or decrease 
Ir the values of-y provide 
a measure for the 'steep- 
neiis' of a line. This 
*8t«epnes8' is indicated 
yby^the te rm s lope . , 




Figure 1.11 

•Only straight lines are considered in this chapter. 
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The slope, m. of a 8traI^"IIne is -ETe quottetitr^^ 
increase In the values of x divided into the correspond- 
ing^ increase (or decrease) in values of y. 

SyatooUcaily, m » } _ „ for any two points Pj^Cxj^^y^) 

2 1 " 

Mnd P^fx ^.y^) on the given stra ight line. See Pigure 1.12. 

The diffe^rence in the x - coordinates 
is caned a aiange iiric or;™ ex- 
pressed as Ax (read delta x) and 

the c o rr espondin g diff erence ia 

-the y - coordinates is called a 
cfaaitqe in y or rise, written Ay. 



Examples. 



p^(x2,y2) 



7.1 The points (3,-9) and (-7,^1 
lie on a line. The slope 
of the Jline -is 




-» - 8 



-17 
"17* 



.Figure 1.12 



7 >2 jPlnd the s lope of the line _____ 

whose equation ii 6x - 2y = 9* 

Step 1. Find two solutions of the equation. 

They ^re coordinAtes of two points 
\ o n the lines 



x - 




3 


y 




7 



P^(0,-|) PjOif) 



step 2. By definition. 



m ■ 



Xj - Xj_ 



I E RIC 



- Verify that the slope of-the horlzQntaI_line . 

having the equation y-13 orOx+y»13 
• ;;is aero. 

step 1. Find* the coordinates of two points on 
the line^ 



Pj^(-4,13) P2(2,13) 





H 


' 2 




13 


13 



7.4 Show that a horizdntal line whose equation Is 
y « C(Ox ^ y « C) # C a constant, fyas a slope 
equal to sero. 

Step 1. Find the coordinates of tw6 points 
cm the line. 



C I C 



C - C 



Step 2* The slope is m » g ^ q * " 



In Figun 1.13, lines A and B 
are parallels The slope of (A) 
ii 1/2 and the slope of (B) is 
1/2. In generipL, two lines 
'^astifig^ 2 slc^wjKm^„.and^^ 
parallel if and only iF^^* la^. 




In Figure 1.14, lines (A) and (B) 
are pe'rpendicnilar. The slope of 
(A) is 3/1 while XB) has slope 

-- h 1 



or 



T 



Thm s^ope^of (A) is the negative 
^reciproQal of the slope of (B). 
In neneraS^ €wo linM having 
slc^>es mi md are penwidi - 
4Solar if and^o^ty irt 



ently , 



in* 




Figure 1.13 




Figure 1.14 



Exai^ples . 

775 fwo Itnw have^uAtiona^ 4x + y ■ 3 and 

X - 4y - 8. Show that the lines are ^erpen^ 
dicular. 

Step 1. Find the coordinates of two points 
on eadi line. 



-1 



-2 1-1 



Pj^<0,3) PjU,-^ 



P3(0,-2) P4(4,-l) 



Step 2. Find the slope of each line. 



"Step 3. Since -4— •-yr" -iH*^*^ «2 ^""^^'^ 
the lines afe perpeMULcullr. 



Exercise Set 6 



1. Find the slope of the line passing through the given 
points.^ 

a. Pj(8,5), P2t-7,0) b. P^(0,0) , PjO,^) 



2. A line passes through P, (-4,2) and PjCS^TIf. :K-weco«d 
line passes through P3(«6,l) and P4(3,10). Are the 
lines parallel? y' 

3. Show that a vertical line having the oqu.it ion k c; 
has no. slope. 

4. A line passes through PiCO,?) and PjO,-!). A 
second line contains the points P3(4,-l) and i'^(-12,2} 
Are the lines perpendicular? 

5. Two lines have slopes of -3.8 and 5/14. Are the 
lines perpendicular? > 
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___ V ... *• ' . , _ 

6. The gra^roF^e-Cei«i«»-^=-iLahrenheit temperature _ 

reTatronship lT - 5/5TI^- il) is a Une^-- Hhs^is^he 

slope of the line? ~ ~~ ~ 

• a 

^ — ^Air^q^ationi^ a straight Una cao be determined if two 
poittts on the Itne~^nre-^«ioim^ . 

Let Pi(xi,yi) and PaCxj^yj) be t»»o given points oh the-iine^ 
If P(x,y) is a point on the line, then the slope of the line 

is ' ' 

■ y - Yi ' Yi 

~ ^ X - x^ - Xj - x^ 

Multiplying toth^^de* of the equation by x - xj gives 

Ya " ^1 

(y - Yir- ^ , ^ . (X - x^) 
'called,..the two - point fori of in equation of a line. 

Exaa^lee * 



4 



— D etermine an e q uation of th e lin e p as s i ng 



throuc^ the points P ( 4 , - 3> and ^2 ^" ^ ' ^ ^ 

Step 1. Substitute the coordinates into the 
two - point form, 

-3 - 1 



•V 



(y - f-3) ) - 4 ^,5) • (X - 4) 

step 2. Simplify the equation to 4x + 7y « -5. 

An equatipn of a line can be ^und if the slope m and a • 
point Pi(xi,yi) on the line are known. Changing the slope 
•xptession to m in ^he two - point form, gives (y - yi) - 
m • (x - xi) , called the slope - point form of an equatipn 
of a line. 

Exan^evr " — _^ , _^ - 

8.2 Write an equation of the line with ijope _ 
passing ^through the point P(7,-1T. 

Step 1 . Substituting the given into the slope - 
point form yields y -(-1) • (-^) • (x - 7) 

Step 2. Simplifying the equation of St%p 1 
gives X + 4y = 3. 
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_ * - * 
— ^ . O 

A line intersecting the y - axis at the point (O^b) has a 
y ^ intercept of b. For a line having slope m and y - 
intercept b <it passes throu^ • (0 ^b) ) ^ the equation (y - b)^ 
• in*lx^^-^^an_be^ manipulated algebraically into y « 
mx 4* b, called t^iTe slx?pe^ intercept form of an equation 
of a .line. ~ 

Example. - ^ — 

8.3 Write an equation in standard form of the line 

with slope -2/5^ passing throu^ the point (0^8) • 

Step^ r; From^e point (0^8)^ the y - inter- 
cept ds F. ^ — ^ _ 

Step 2. ^Substituting the values m = -2/5 ~ 

and b = 8 into y » mx + b gives ^ 
y = (-2/5) 'x + 8 from which 2x + 5y « 
40. 

A vertical line peissing ^through the point (c,0) has an 
equation x»c. 



A^ie^lzontal line with a y_- intercept b has ah eqBHtto^ 

A line passing through the origin (0^0) with sloper^m hap 
an equation y = rox > " j 

Example. 

8.4 A line passing through the point (-1^13) inrtiich 

a. is vertical also passes throu^ (-1,0). 
~ Hence, the equation is x = -^1. 

b. is horisontal also passes through (0,1* 
and has ay- intercept of 13. Thus, the, 
equation is y^« 13. 




alsio passes through the origin has slope 
is^ y « -13x* 



m m ^ * —13. The equation of the line 



24 
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Exercise Set 7 



" 1. Write an equation of the line passing through the 
given points. 

: a. P^(8,5), P2(-7,3) b. P^CO^O) , P2(3,4) 

c. P^(-4,6), PjM^lO) d". P^(7,5) , P2(6,S1 - 

2. Wri^te^MTequation of the line with, the given slbpe 
and passing through the given point. ^ 

a.^-nr— 3, Pj^(4,7) b. in,-*0, PL<8r-5) 

c. m - 4/7, Fj.(5',l) d. m = -5.7, Pj^ (0. 5,6. 3) 

3. , Write an equation fot the line having the given 

slope* and y - intercept. 

^ a. m--6,b--5 b. m - -1/3, b = 7 

c' °m « 1, b - 0 d. m * 0, b » 0/ 

^ _ ^ 

4. Find the slppe -and y - intercept of the line whose 
^equation is given. 

a. y » 53^-^ ^ b. y - -X 

c. y - -8.6 f(t) - 9.t- 1 

e. C - 5/9(F - 32! f^ x + y » 0 

. 5u What is an equation of the line passing through 
the origin which is parallel to the ^ine having 
the equation 3x - 7 » y? 

6. A line intersects the y - axis^at (0,5) and it is 
perpendicular to the line 5x - 2y « 3. What is an 
equation of this line? f 

7. A line is perpendicular to the line ax - cb = gy 
and passes through the origin. What is an equation 
of th^ line? 



DirecK variati^ tPata Analysis) . . 

. \ ' ' . • ' * . ■ 

fi3mfer4«eHtal data can sonetiaes be>-analyzed by determining 
a linear iselationship bet*»een-the experimental variable^.. 
The data iV first graphed to dettomiine **ether the ^rela*- 
tionship isXlinear. Any form of the line equation (two - 0 
point, pointVr' %lope*. Or stope - intercept) may then be 
used to establish the relationship.' 

Example* \ ^ . , . ' 

9.1 thk laborajbory the pressure *(P> of a fixed 
^ voluiwe of gas is loeasured tor various, tempera- 

tures. (T) . ,The follo^^r'ing d^ata is c^tained: 













Tender atufe (^C) j 0 


♦23. 


S8 


84 


100 


Pressure (N/m^)\ |22.7 


" 24 .<i 


27.5 


29.7 


31.0 



Write an equation to ^res& the tjelationship ^>etween tffe 
pressure and the ten^^erature of the ga^. ^ .-r 

Step le Graphing the data siigg^sts that the 
relationship is linear*. * 4 * 
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Step 2. The ilope (m) Is determia^ from the 
points (0,22..?) and (100,31.0): 



m 



n.O - 22.7 8.3 



0.083 . 



Step^S. From point (0,22. '7) the intercept 
(hy is 22.7. 

« 

Step 4. ^iddstituting n » 0.083 and b ».2^.7 

int& the slope - Intercept form gives 
P - 0.083 T 22;7 

')Exercl8n Sot ft^ \ . ^ 



In thm 4.«boratory, the le^^gth oj7\a spring (L) is 
Masured when-^ various waii^ts ^W) are.jpuspendedi. on . 
it; The folloiiring data is obtained: 



Weight (oz) 



Length (in) 



.6.9 



6.5 








7 ° 




8.5 


9.5 



Write an equation to. e]q>ress th« relationship be- 
t!i#een the length of the spring and th^ wei^t on it. 
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CHAPTERTWO 
TRIGONOMETRIC EQUATIONS AND VECTORS 



1. An^glas and Their- Measure . 

An angie is generated by rotating a half-line from an initial 
position, about its endpoint, to a terminal position. The 

initiaJriJOittron of the half- line is called the 

initial side of the angle? the 
. tenninai position is called 
the terminal side. The 



tc 

fixed endpomt is called 
the vertex of the angle. 
If the rotation is counter- 
clockwise, the angle is 
said to be positive. A 
clockwise rotation genera- 
tes a negative angle. ' 



vertex 




An angle in standard position haa J.t 
and"lts Initial side is the positive 
portion of the x - axis. 
An angle e (read theta) 
appears in standard 
position in Figure 2< 2. 



initial side 
Figure 2.1 
J,ta. VjBrtex at the origin 




initial side 



Figure 2.2 

Two units of measure of an angle are the revolution and the 
degree, if the initial side of an angle rotates counter- 
clockwise 9^ that the terminal position coincides with the 
initial position, the laeasure of the angle generated is 1 
revolutiofl or 360 degrees, written 360°. Thus^l® equals 
1/360 of a revolutiort. 

The degree is divided into 60 equal parts called minutes 
and each minute is divided in 60 equal parts called seconds . 
An angle of measure .35 degrees, 13 minutes, and 43 seconds 
is writt^en 35*^13' 43*. - 

A third unit- of « measure of an angle is the- tadian. If the 
radius of^ a circle is rotated so that the intercepted arc 
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of the circle is equal in length to the radius, the 
generated has the measure, 1 radian (See Figure 2.3) 
Since there are 2ir radii in the 
circumference of a circle, 
there are 2ir^ or i^proximate- 
ly e.28 radians in 1 revolu- 
tion. One radian is about 
57.3° and 2ir radians equals 
360°. 



Figure 2.3 

Examples . 

1.1 Four angles in standard position are shown below. 

y 





= 210' 



D -^ -= - 495° 



1.2 Convert 273.2558° to degree - minute - second 
notation. 

Step 1. 273.2558° = 273° + 0.2558° 



0.2558 dfi^r^ x 60 minutes^ 15,348 minutes 

1 dgxifirtv? 
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. §tep 2. 



t5-.J49' » 15' + 0.349' 

0.349 joiiwrtrSs X 60 seconds , 

1 jBj>A«rcS 



21 seconds 



Step 3 . ConcI usion : 2731 2558° = 2 7 3°1 5 ! 21 " 
1.3 Express *'18°52'?.4" in decrees (to the nearest thousandth) 
Step 1. 18*^52 '14" = 18° + |§° + 



= 1B°^V0.'961^ + 0.004° 
= 18.871*^ 



1.4 Add 35°48'56" and 43°40'23". 

^p 1. 35°48'56" 
-43°40'23'' 
78°88'79" 

Step 2. 78°88'79" = 78*^89' 19" 

Step 3. 78°89'19" = 79°29"19" 

1.5 Subtract 13°46'27" from 61°10'15' 



Step l|. 61°10U5"_^60^a'15*L 
.= 60°69'75" 



Step 2 t 60^69 '75" 
13°46'27" 



1.j6 Fin J 



47023 '48" 
of 135°24'. 



Step iJ |(135°24') = ^(135° +24') 

= 67.5° + 12' 



= 67°30' + 12' = 67°42' 



An alte^rnate method is 
Step l.j ^(1^5°24') = ^(134°84') 
1 = 67*^42' 



30 
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Exercise Set 1 



1, Sketch the angle having the given measure. » 

a. J ra^ans b*. -45° c. « radians d. ^ revolution 

e. ^ radians f. 585° g. -330° h. 3ir 



2 • Express 

A. 17°?1'56" in decimal form. 

b. 5.50° in degrees, minutes, seconds, 
a. 47.36° in degrees, minutes, seconds. 

3. Perform the indicated operations, 
a. Add 39°42'18" and 51°51'51". 
br subtract 46°31'12" from 63°7". 

c. ^(146°40M — 



d. ^(7°14'50"), 

e. |(62°35'30") 

2. Conversion From One Angular Measure to Another . 

When converting from one type of angular measure to^another, 
a° conversion factor derived from the relations 180 = it 
radiars, 360° revolution, and 2% radians = 1 revolution 
can be used. 

If an' angular measure type A is to converted to a measure 
type B, then A • B/A gives B where B/A is a known conver- 
sion faQtor. 

Examples. 

2,1 To convert 18° to radians, 

■. a J ' 'radians 18ff ^ . . 

18 §Mr€Ss X ISO Lgg^s ° im "^^i*"^ 

8 Yir ^^^^^'^^ 
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2.2 Convert 484**30' volutions (rev) 

Step 1. 482°24' - 484.4°" 
Step 2. 482.4 d^fprtfes x J^^j^^SSa 



rev -1.34 rev. 



2.3 Change radians to degrees 



15ir 



« 1350^ 



Exercise Set 2 
1. Convert each of the following • 



30^ to radians 



. c. 
* 



radians to rev 



45° to radians 



bl 18.7 rev to degrees 

d ^ _30^-to-rev- 

*£ ^ — 15 ^ev-to xadtans^ - 



g. ^ rev to degrees 



*h. 3.14 radians to degrees 



*Express 98 decimals to the neariest tliousandth. 

♦y 

The-Triqonometric-Junctions . 

Each angle in Figure 2.5 shows a line 
segaent 55" dtawtt perpendicular 
to the X - axis from a point 
P(x,y) oa its terminal side. 
The right triangle formed 
has six ratios of its , 
sides which are functions 
of the terminal side and 
thusr the angle 'itself. 
The distance from the 
vertex to the point 
P(x,y) , called the 
radius vector v, is th6 



P(x,y) 




Figure 2.5 (cont.) 
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hypotenuse of the right triangle. 

The six functions r called 
trigonometric functions r 
are defined below. 




Figure 2.5 , 




t a ttgsnt o f -S 
secant of 6 
cosecant of 6 

cotangent of 0 



cos ^ 
tan Q_ 
sec 6 
esc 6 
cot 6 



r 



r 

X 

*r 

y 

X 

y 



Sides R»lated 
toMgleO 



— adlacettt^— 
hypotenuse 

o pposite 
adjacent 

h ypotenuse 
adjacent 

h ypotenuse 

opposite 

adjacent 
opposite 



The values of t^e trigonometric functions can be found 

1?S dlHrtS' I? following reciErocal 

, relations are 'applied* 



CSC e = 
Examples . 



sec ^ - 



cos 6 



cot 9 - 



3.1 ?;«c viiue of 



1 
a. 



CSC 40 - gijj = ^TeTJ 



= 1.556 
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b. sec 



5?r 
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1 



sin 



TV 



1 



6.392 



•convert ir/20 to 9** if the calculator does 
not accept radian measure. 

1 1 

c. cot (-215°) » 



tdn(-2i5°) ' ^frrm 



« -2.428^ 



3.2 The point P(-2, - V?) J-ies on the terminal 
aide of an angle 6, The values of the 6 
trigonometric functions of 6 are 



a. »in e » 

b . * cos 6 « 

c. tan ej» 

d. CSC e « 



-2 



3 3 
e. sec 0 = ry " ■ 7 




•figure 2.6' 



f. cot e»^. '^ 

3 3 The functicm valu«S (to the nearest thousandth) 
lot thSliven angle using the calculator are 



a. sin^ 30° * 0. 50a 
'° - 0.727 
« -1.000 



c. tan 36 



CSC (— j) 



b. COS 170° = -0.985 
d. sec 150° = -1.155 
f. cot (2. 6 rev) = 1.376 



~ g. sin 36.617° - 0.596 h. cos (-6°15-) =0.994 

3.4 Find a positive angle fi less than 360° so that 
tan A - 0.538. 



The calculator procedure is tari 
i5S(0.538) whicK gives 28.280°^ or 0.494 



or Arc 
r vidians • 
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Exercise Set 3 



I. E¥aiuate each trigon<Miietric function to the nearest 
thousandths 



sin 45^ 



b.^. cos 



e. cot 



IT 



Sir- 



c. tan 195 



d. sec(**60 I 

g. sin(-3ir) h. tan 88^15M5" i., sec 135 

-^o 



f. CSC 220^90 • 

4 

O 



2. Find a positive angle A less than 360 given that 

a. sin A « 0.500 b, co» A « 0.346 c. tan A = -15..3I'8 

3. Find the trigonometric funetioni^of ajti anglt whose— - - 
_^:terininal-»44e-p«iB»e8-^tlircmqir^e point (-3^7). 



4. Solving Ric^t Triangles . 

to solve a. ri^^t triangle jneans to find the lengths of its 
sides' and measures of its angles. 

Exeuiple. 

4.1 Solve the ti^t triangle 
shown in Figure 2.7. 

Step 1. TO find angle A, 

tan A - 190.0/240.0 
" .7917. Thus, J 
A - 38.37° or 
37*^22 •12* 

^tep 2* The^Mm o f A and 




190. Om 



B is 90.00"^, so ^ 
B * 90.00 - 28.37° 
- 51.63° or 51°37' 



48' 



Step 3. Usin g the Pythagorean Th eorem, 

C - /(240.0 )^->-U90.0)^ from which 
C * /94,76d « 306.1 meters. 
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^ ^ectiontfl vi«# of a metal shaft with a 

^ , _ red- end is shown in Figure 2.8. Find the 

fjameter of the shaft and the slant length AB, 




Figure' 2.8 
Step 1. tan IS*' = i^y ) and 

' ^ » <tan 1 5°)-(6. 21 7) 
. « (.267?)«(6.217) 
* 1*666 cm* 

Step 2. 55 « 2 • 55 = 2 • (1.666) = 3.332 

Step 3. sec 15<^ - and S5= (sec 1^) . (tf.2 7) 

= (1.035) (6.217) 
= 6.436 cm." 



cm 



_ - — Exercise Set 4. ^ 

Assume that in each exercise 1-5 , the Hght 
triangle has its parts labeled as 
jlheim In Figure 2.-9^ Solve for the 



remsining parts, 



1. 


c 


0 


5 in 


2. 


c * 




b 




4 m 




a = 


3. 


A 




30° 


4. 


A = 




a 




1 km 




b = 


5s 


B 


K 










a 


m 


390 MR 







25 cm 
20 cm 



It / 
1 .000 /cm 



/ 




\ 



Figure 2,9 



36 



v 



6. ~Rti •l^edance* -right triangle is used in 
analysing alternating current circuits. 
In a particular circuit, X = 16^55 

and Z » 5135v Fi^d the phase 

angle 6. ~ 



Figure 2.10 



-A pplteations of Radian Measure . 

' The length an arc S of a circle is 
dirtily pre ttionai to the measure 
of the central angl*^ ««pre8»«d in 
rtfians.»-ftie^ relationship is ex- 
pressed by the equation « - er where 
r is the radius of the circle. 



Exaaqples . 



'(3 

Figure 2.11 



5.1 An arc length of 43.70 cm corresponds to the 
central angle of 250°. What is the radius? 

Step 1. Converting 250° 
to radians gives 
4. 5fr3 radians. 

Step 2. Substituting into 
S * 6r, 43.70 
e 4.363r. The 
radius r ^ 
43.70 
4.363 




10.02 cm. 



Figure 2.12 



5.2 A road curves along the arc of a circle with a 
radius of 400.0 meters and a central angle of 6^ 
' A steel cable costing $4.16 per meter is to be 
placed on the curve of the road as a protective 
barrier. How much will the cable cost? 



Step 1. 
Step 2. 



62^ 



1.082 radians 



In the formula s ■ ©r, 
S - a. 082) (400.0) 
> 432.^ meters'. 




Figure 2.13 
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Ste{L3. The cost is 432.8 
• $1800.45 



rs 



$4.16 



nie area A of a secm-of^ «^ circle in terms of 
the radius r and the central angle 6 in radians 
is given by ^ , 1^^2^ 

Exanple. ~ — 

.5.3 A cone is formed by joining 
the two 'radii of a sector 
^ of a circle together. How 

mwii 4oe» it cost-to make a 
c^e from sheet metal costing 
$12.50 per square meter if a sector having a 
radius of 25.00 centimeters and a central angle 
of 240" is used? 




Figure 2.14 



Step 1. Convert 240** to 3.927 radians. 



Step 2. 



The cone Is made from a sector of area 

12 ~ 

-given^4»v A^»_^flr^ _ 

1 ~ 



A - 



(3,927) (25.007^= 12^ cm^. 



Step 3. 



Convert 1227 cm to square meters. 
- # 1 m^ 



1227 



10,000 ^ 
step 4. The cost is 0.1227 



'■ 0.1227 m' 
$12.50 



.) 



$1.53. 



An object^moving <mi a circular path has an average angular 
, velocity M (omega) defined to be the angular displacement 
e through jirhich body rotates divided bv the time t elapsed. 
Th|iffc is, e/t. " / . 

The eqU9^ioxi V » 5 • r relates average linear velocity V of 
/an object moving along the arc of a circle of radius r with 
the average angular velocity S of the object • 

/ , ' - 

Ekaiic>le. 

/ 

/ 5.4 A stereo turntable with a diameter of 1/3 meter 
rotates at 78 rpra. Find the angular velocity ul 
I in radians per second and the corresponding 

1 linear velocit)^ of. a point on the circumference 

\ of the turntable. 



step 2. TO find linear velocity, substitute in 
7 - a • r. 

n « iiil . 1 meter » 1.36 roeters/s 
'. sec o 



" : Exerflae Set 5 

Find the unknoim quantities Usted in the table. 



Anffitar VclocitY g 



TiM t 



Central Angle 9 



1. 
2. 
3. 



? rad/see 
5 rad/sec 
w/2 rad/aac 



20 act 
? see - 
7 aia 30 sac 



lOir rad 
85 rad 
? rad 



1 


Linaar Velocity 7 j 


Anffolar Velocity S 


Radius— ' 


4. 


1 «/sec 


40 rad/sae 


6 n 


5. 


200 n/nin 


^ ^ rad/aae 


0*5 a 


6. 


4.5 a/ain 


ISOir rad/aiii 





7. Feints P2» «»*^'3 located at varloua polnta along 
' a radios ai tba €lyi£ael aa ahoum In the figure. 
Point Pi Ptt tha parlMtar la 25 ca from tha cantar whUa 

"Pj-a nd P 3 a t a MW-hiOf aad ^e - lUiur t h 

of Uia radlua distanea f roa the 
cantar. X£ fljiAaal rotates 
ajt 300 r^lttticms par ainuta, 
what is ^a Unaar velocity 
of point Xn centlnntars 
per second? * ! f 

Fi^re 2.15 




Thc^arrowiiMd deslga represented 
in the figure %ree f orsed using 
arcs of concentric circles of 
radii 30 cf and 16 cii and 
five consecutive ri^^l 15^ 
apmrt. The design Is to 
be Bade from sheet metal 
coeti]^ $13.50 per square 
neter. 

a. What is the cost of msterial 
to produce one arrowhead if 
there is no scrap metal 
loss due io recycling? . 

' ^ . J 

A metal border costing 
$40 per meter is to \ 
surround the arrowhead 
for decoration* Vhat 
is the q^t of putting 
a border on one « 
arrowhead? 




Figure 2.16 



When two pulleys are bel'ted to^ether^ the ratio of the 
diaineter of the largest pulley to the diameter of ^ the 
smallest pulley eq^aTi"the ratio of the angular velocity 
of the- smallest pulley to thfe angular velocity of the 
largest^ i.e. — the larger the diameter of a pulley the 
slower it mist rotate, "^f/^^ ^ ^B^A 

If pulley B has a diameter of 35 cm and is rotating 
clockwise at 18 revolutions per minute, what is the 
angular velQcity in radians per second and revolutions 
per minute of pulley A which has a diameter of 98 cm? 




Figure 2. 17 



40 
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Vectors - Geometric Interpretation , 

Physics and engineering lire concerned with quantities 
that cAn be characteriaed by both magnitude and dirfec- 
tion. Exanples of these quantities^ called vector guan- 
tjjj^, are velocity and force^ 

The .geometric' representation of a v^Qtov quantity is a ^ 
directed line segiii|3|t fvom a point F(;%.,y.) to a point 
QCxjrYoW written PQr called a vegter . Tne 
is, called the initial point and tBe^point U 
the terminal point ♦ Two 
vectors from P to Q and 

f rcMi R to S are e<yual if 
they have the liaiiie dir^c*^ 
tion and lengthy written 
pg » S? JtSee Figure 2.18) . 
fi s^ingj-e letter with an 
arrow, denoted ds also 
used to symbolize a- vector* 



point P 
is called 




Figure 2.18 



If the directed liag s egroe p t 
P§ is^ctor t and Fff « S?, 
then R^jilso represents 
vector A. That is^ a vector 
quantity can be represented " ^ 

by any directed line segment, 

regardless of its location in the plane, as long as it 
has a specific length ai:d direction^ ^ 

Hie length of a vector is proportional to the magnitude 
of the vector quantity it represents. The direction of 
a vector is the same as the di recti w of the vect;tor 
quantity. 



/ 



Example. 



,6.1 A force F of 50 newtohs is 
being exerted nt an angle 
of 35^ wi-th the horizontal. 
This i^ector quantity can 
be represented by the 
vector r as shown in^ 
Figure 2.19 



F 



50 



Figure 2.19 
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A ddition of two vectors can be accomplished in the plane 
by a p arallelogram method . The two vedtors to be added 
are placed so that their initial points coincide. Jorm 
a parallelogram having the 
two vectors as adjacent 
sides . The diagonal ^of 
the parallelogram is' 
the sum vector, 
sometimes called tbe ^ 
resultant , written R. 
See Figure 2.20. 

Figure 2.20 

A triangle method can be^^ised to add two \'ectors in the 
plane^. The initial point of 
one vector is placed at 
the terminal point of 
the other. The resul- 
tant becomes the third 
side of the triangle 
formed with the two ^ 
given vectors as ad- 
jacent sides. See 
Figure 2.21. 

Figure 2.21 




Example . 

6.2 A directed line segment from the initial point 
In (-4,6) to the terminal point Ti(3,9) , call 
it vector , is added to a second vector, 
having 1^(9,-6) and T2(4,0) as initial and 
terminal points, respectively. JThe sum of Vi 
and V2 is the resultant vector R shown below 
and found by the 

a. parallelogr£un method: 




Figure 2.22 
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b. trianqle methoid: 



i 








-1 





Figure 2.23 

Exercise Set 6 

The initial point I and terntinal point T of directed 
line^ginents used t« define vectors are gxven. Fxnd 
iie resSSnt vector of the given vectors by the^ar^ 
allelogram or triangle iBethod. Match the resultant 
with one of the vectors xn Figure 2.24. 



a. 
b. 
c. 
d.' 
e . 



(-8,-6) T^(-6,4); IjC-e^-S) T2(0,-2) 

(-2,0) T^(-2,-3)r l2(-9.-4) T2(-2,-4) 
(8,5) T^(0,-2); T-^^-^-^^ 

(-%4) TjTfi^7); l2(-9r-3) T2(-l,-3) 

(-10,1) T^(-4,5); l2(-4r5) T2(-2,l); 
13(6,0) TjO^.S) 



I 
I 
I 
I 




Fi^gure 2.24 



Vectors as Ordered Pairs. 



A vector in the plan^. is an ordered pair of real niiinbers, 
written <x,y> . The first mend:>er is called the x-c6mponent 
and the second is called the y-coinponent . 

A vector with an initial point P^{yi^,y^) and a terminal 

point at P2(»2/y2) the form <X2-xi r y2'"yi^* 

initial point is the origin {0,0), then the vector i' 

written as i^2^^2^ ' 
Examples . . ' 

7.1 The vectors represented 
geometrically in figure 
^ 2.25 can be expressed 
as 



A 

B 

•> 
C 




Figure 2.25 



The direction of a vectot V = <x,y> is the angle 6 found 
by sorving the equati on tan 6 = y/x. The magnitude of v 
written /.2 . ..2 



|V|, eqvials + y' 



\ 



Egceuiples . 



\ 



7.2 A vector V has an initial point Pj^(2 
and a terminal point P-.(5,-7). \ 
V = <5 - 2, -^-(-1)> of <3,-6>. The v 
direction of V is found by tan 6 * -6/3\ 
which gives 6= -63.44®. The magnitude 

1^1 = + (-6)^ = /T5. 

7.3 The vector X '= <0,-5> has a terminal point 
.at (0,-5)'. Its direction is 270 . _ 

\t\ = + (-5)2 = 5. 
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A vector can be described by its magnitude and direction. 
A vector with magnitude 15 and direction 57^ is written 
(15,579). In general, for a vector v with direction e. 

To Bxpress ^ - {\^\ ,e) in the conqpon^t form <x,y>, 
Figure 2.26 shows that 

cos e = ^ from whidi x = |^|- cos 6; 

sin e ^ from which y - • sin e ; 

IVI Figure 2.26 

Thus, (1^1, e) ^ <|^| • cos 1^1 ' axn e> = <x,y> . 

Example. * 

7.4 A vector given by (30,7r/15) has an x-component 
of 30 • cos ir/lS euid a y-component of 
30 • sin tt/IS. Thus, x = 30- (0.978) = 29.3 
and y = 30- (0.208) ^ 6.24. Hence, (30,Tr/15) 
= <29.3,6.24>. 

Two vectors X « ^^i'^2^ ^ ~ <by,b2> are equal if and 
only if ^2 " ^2* 

If c is any real nuitdber,^ called a scalar , and V = <X£y>,' 
then the product of c and V is a vector denoted by cV 
= c<x^y> = <cx,cy>. 



Fbr two vectors X = <ai ,a2> and 5 = <b,,T32>, the suin 
Df X and B, writ^ten X -t- is the vector <a* ^b, ,a7TE'. 
Geometrically, A + B is the resultant vector fO^u bj 
using the parallelogram or triangle method to add % 
and B. 

Examples. 

7.5 For two vectors X = <-2,5>and ^ = <3,8>, 

a. X + ^ = <-2,5> + <3,8> 

= <-2+3,5+8> 
= <1,13>. 

b. Zt + (-2)3 = 3<-2,5> + (-2)<3,8> 

» <-6,15> + <~6r-16> 
= <-6+(-6),15 + (-16) > 
- <-12,-l>. 
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Exercise jSet 7 - 

t 

Express each given Vector in the conqponent form. 
Write each cos^nen't to .the nearest hundredth. ^ 

a. : (7,85°) b. (13.6,160°) c. (O.SS^tt/IS) 

Given that % = <3r4>r B has the initial point I (-6 ,3) 

rd the terminal point T(7,-l), C = <10,0>, and 
= <-5,-4>, find the following^ 

-> ' ■ -> -> ' 

a. A + C b. 3A + B c. t +(-3)B 

Express 15 from exercise 2. in the form (l5i,6). 

Two pool shs^rks, Harold III and Felix X, hit a ball 
at exactly the same .ti)nie« Harold III hits the ball 
NW with a- force sufficient to give the ball a speed 
of 70.3 centimeters per second. Felix X hits the 
ball SW with a force sufficient to produce a speed , 
of 70.3 centimeters per second. What direction does^ 
the ball traVel? How fast? Use the component 
method of^ vector addition. 

A picture hangs crookedly as shown in the figure. 
The upward tensions in wires A and B are vector 
quantities having magnitudes of 60 newtons and 45 
newtons, respectively. If Wire A makes an angle of 
140^ with the horizontal, ar^d Wire B an angle of 
50^9 what are the coni|>onents of A and B? Add the 
Vertical components to find the vertical force on the 
nail. 




Figuxe 2.27 



CoiBPUter and Calculator Applicaticaig . 



Some calculators (Hewlett-Packard 45 «hd 55, Texas 
Instrument SR-51, Monroe Beta 326, Sharp PC-1002) haw 
the capability of converting vector representation from 
'the magnitude - direction to the coaponent form. If you 
have sudi a calculator, do the follcwring exercises. 



1. Convert eacdi given vector to the component form. 



d. (85.00, 310°) e. (67.00, 0**) 
2. If possible, use a calculator to add the following 



Exercise Set 8 



a. 16.00, 120°) 



b. (10.00, 45°) • c. (7q0.00, 4Tr/3) 



vectors . 



a. (10.00, 25°) 

b. (20.00, 205°) 

c. (100.00, 75°) 



(15.00, 150P)- 
(8.00^ 30°) 

(120.00, 310°) (40.00, 90**)- (85.00, 110°) 
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CHAPTER THREE 
SYSTEMS OF LINEAR EQUATIONS 



1. Two Linear Equations in Two Unknowns - 

Two or more linear equations of the form ax + by = c 
considered together are called a system of equations . 
Symbol ically« 



{: 



[ajX + = ^2 

is a system of two linear equations in the unknowns x and 
y vAere a^^, h^, c^, ajr bj, and are constants. 

If an ordered pair (x^y) satisfies both equations of the 
system, then it is called a solution to the system , To_ 
solve a system means to find its solution (s). 



Item J 4x - 
|j3x + 



Example. 

1:1 In the system j 4x - 2y = 14 

5y = 4 

the ordered pair (3,-1) is a solution since "It 
satisfies.aboth of the equations. On the other ^ 
hand, (2,-3) satisfies l:he equation 4x - 2y ^ 14 
but does not satisfy 3x + 5y = 4. Therefore, 
(2,-3) i€ uot a solution of the system. 

" *^ 
2. Solution of a System by Graphing > 

By graphing the equations of a system, it is possible to 
locate the point of intersection of the two line-graphs'. 
A point of intersection is the graph of a solution of the 
system. Keep in mind that- inaccuracies can oc?:ur in the 
drawing, and reading of graphs to make this m€rthod. j>f^olvin?r 
a systdni less appeal in5[ thain other inethods to be presented 
latex.- - - ^ ^ ' 



o ^ ' 48 ^ 

FRir ^ 



» 
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ExaBiples* 

2.1 Steps le»din9 to th« solution of the system 

"Vx - ar « 3 



{; 



are: 



^ StM5 1. 



Gras^ the 



X - 3y=3 




Figure 3.1 

Step 2. Project the point of intersection 6f 

* the liner ooto the x-cPcis and y-axis to 
find the approximate values of x and y^ 
respectively. 

Steo 3. 'Kie graphical solution of the system is 
estimated to be (2.5,2.3). {Actually, 
^ 5 7 

the solution is (2^3^^ 



Lr6x + 2y 



:?X - :?V = 2 
-8 



(1) 
(2) 



Steo 1. .Graph the- equations, 
^ y (1) 




Figure 3.2 



•44- 



Step 2« jBoth equations of the system have the 
same 41ne-gra|^«^ The points of Inter- 
section are the line Itself. 

Step 3. Conclttslcm. The solution of the system 
Is the set of coordinates of all points 
on the line. The solution set is 
infinite and the system is called 
dependent * 



2 3 



58 + 2t a 12 . 

10s + 4t « 8 • 
Step 1. Graph the ecjuations. 



, (1) 
. <2) 

















; \ VI) 




jrigure 



Step 2. The lines are parallel; thus^ th^^j^ have > 
no polnt^s of intersection. 

Step 3. Conclusion. Without points of inter- 
section, there cannot be common solutions 
of both equations of the system. Th^re- 
' fore, the system has no solutions and it^ 
is called inconsistent > 



Sxercise Set 1 



Us^ the graphing method to solve the given system. 

3y « 5 2. Jax - 2y * 5 

y = 1 |2x y = -3 



ERIC 



|* 2m + n s= 6 
LlOm - 2n = -S 



4. 



X + 4y = 8 



ix - 4 = 2y. 



50 



1 
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Solvinq a SY«*^«* Elimination— Addition or subtraction Me thocI 

Exact »olutions of a aystem can be found by eliminating one 
of the variables in order to get an etquation in the other 
unknmm. The exae^l^B to follow illustrate this elimination 
procedure. 



... (1) 
. (2) 

To eliminate the variable E, multiply 
the sides of (1) by A, the sides of 
(2) by 3» and subtract. 

4 times (1) is 12E - 8V = 24 
3 tiroes (2) is 12E - 15V = 3 

7V = 21 or V = 3. 

Step 2. Substitute V = 3 into either (1) or (2> 
and solve for E. 

4E - 5(3) = 1 ojf E = 4 ^ 

Steo 3. Conclusion. The solution of the system 
is (E,V) = (4,3). 




3.2 



r4R, 

b«i 



- = 0 



* .5R. 



(1) 
(2) 



Step 1. Multiply the sides of (2) by 10 to remove 
the debimal coefficients and write (2) in 
standard form. 



4R, 



Rj = 0 



20Rj^ - SRj = 0 



(3) 
(4) 



, Step 2. Multiply (3) by 5 and subtract to ^li^ninate 



either or R^. 



20Rj^ - SRj = 0 
20Rj^ - SRj = 0 
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step 3. Conclusion. Since both variables 

and wer€s, eliminated resulting in a 

true equation, the. system is dependent . 
Therefore, the solution of the system 
is the infinite set of ordered pairs 
, which satisfy either equation of the 

sy s terci " 



3.3 



L9s - 



Step 1. 



5t = 4 

D 

15t = 7 



U) 
(2) 



Step 2 



Eliminate either s or t by multiplying 
the sides of. (1) by 3 and subtracting. 



3 times (1) gives 



9s - 15t = 12 
9s - 15t = 7 



0 = 5 

Conclusion. Both variables s and t were 
eliminated resulting in the false 
equation 0=5. The system is inconsistent 
with no solutions. 



Exercise Set 2 _ 



Solve each given system ty^tie addition ot subtraction method. 



- y =..3 
y = 6 



. 1. JSx - 
L4x + 

3. r3x + '2y = 7 
|_2x - 4y = - 



3s - 6t = 5 
s - 3t = 5 



L r .2x .3y = 1 
L.04x + .06y = 



5 Using Kirchoff 's .laws, the following equations 'were set up 
to solve an electrical circuit. . (I = current in amperes 
E = potential difference in volts) . Solve for 1^ and 1^- 



{ 



16 = Eg = 2.2 + 2 Ig 
12 = S = 2 V, + 2.8 



^IC 
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4. Solving a System By Elimination— Substit ation Method 

This iaethod is convenient to use if one variable in an 
-equation of the system can- be easily expressed. xn teans of 
the other variable. 



Example^. 

(1) 



4.1 flOx + 5y ='2 . . . 
1 ,«x + y = 1 . . . 



I 



Step 1. Solve (2) for y .in terms of x-%o get 
' y '= 1 - 8x. 

Step 2. Substitute 1 - 8x for y in equation (1) 
ts and solve for x.' . . ^ 

•lOx + 5(1 - 8x) = 2 

-30x' - -3 - . 

1 , 

Step 3. substitute x = -i into either (l)'or 

(2) "and solve for y. — _^ 

10(3^) + 5y = 2 

5y = 1 and y = I 
«5tep 4. Conclusion. The solution of the system 



xs 



Exercise Set 3 
solve by the substitution method. 

1. fsx - 5y =.10 2. J" X - y = 10 3. \2a —3b = 1 

L X - 3y = 6 L3k - 13y = 20 ° (jZa - b = 



m ■ ■ 53 
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4. A chemist wants to calculate the., atomic weight of 
nitrogen and oxygen. He knows the atonic weight of' 
dinitrogen pentoxide NjO^ is 108 amu and the atomic- 

vfeight of nitrogen dioxide NOj is 46 amu. So he sets 
. up th^i system of equations: 

r2«N + 5*0 = 108 
I N + 2*0 = 46 

Solve the system and f 4.nd the. atomic weights of nitrogen 
and oxygen i,n atomic mass units (amu) . 



5. Solving a System Using Determinants — Cramer's Rule 

A determinant is a square array of numbers, called elements, 
whicfi symbolize the sum of certain products of these 
elemeAtS. This Sum is called the value of the determinant. 
Pf deterini^ant of order 2 is synbolized and evaluated as 
shown in the equation below. An element is a member of the> 
^ row indicated by the left digit of the subscript and it is 
a member oi the column indicated by the right digit. Thus, 
is in the second row, first column. 



'11 



*21 



'12 

"^22 



^.11*^22 ' ^12*^21 



Examples. 



5.1 



5.2 



4 -3 
6 -1 
0.8 



/ 

= 4(-l)'-' (-3) (6) = '14 



-1 



± (0.8) (6.5) - (-1) (-6) = -0.8. 

-6 6.5( 

The valines of x and y which satisfy the system 



faj^x + bj^y = 
]a^x + b2y = C2 



are found using determinants by a method called Cramer's rule 
given by: • . . * 
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1 

X = 7" 



'1 

1^2 



*^1^2 



1"2 



y = 



-2 " ^l'^2 



Example* 

5.3 Solving the system 

' rule gives 



f4x - 5y = 1 
,6x i- lOy = 



us ' .rj Cramer ' s 



y = 



1. -5 




5 10 




4 -5 




6 10 




4 1 




6 5 





I 'lO - (-5) (5) _ 35 ^ 1 
4-10 - (-5) (6) ~ 70 2 



10 



4'5 - 1*6 

70 



14 
70 



1 
5 



\ The solution of the system is 



\ 



If either fractional value\ of a variable using 

Cramer's rule is of the foiV the system is 

^ a 

dependent . If a value has t^e form ^, where 
a ^ 0, the system is inconsistent . 



Exercise Pet 4 
1, Evaluate each order 2 deLerminant. 



a. 


63 


30 


b. 'o 


0 


c. 


-4 


10 


d. 


0.31 


10 




2 


1 




4 




1 
5 


1 
2 




0. fa 


200 



ERiC 
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Solve each system using Cramer's rule. 



- 

Lx + 



- 3y = 5 
y = 40 



b. 



c. 



2ro " 5 = 0 
4m - n = 7 



rule. 












4x - 


9y 


= 3 








2x + 


3y 


= 5 


{" 


3e 


= 10 


L 2d - 


6e 


= 5 



/ 



A boat can go 10 km down stream in 45 minutes and return in 
75 minutes. How fast is the current travelling? 

A barge traveled 20 km downstream in 50 minutes. A speed- 
boat takes the same time/ to go upstream but takes only 
15 minutes to go downstream. How fast are the current ana 
the two boats moving?. 



Three Linear Egi^ations in Three Unknowns 

A system of three linear equations in t hree unknowns x, Y/ 
and z has the standard form 

+ bj^y + Cj^z = dj^ 

+ b2y + c^z = d^ 

\a^x + b3y + c^z = d^ 

A sol ution is an oi^ered triple (x,y,z) which satisfies 
each equation. ToUolve/ a system means to find all of its 
solutions.. \! / 

Example. j\ 

6.1 The ordejrfed triple (-2,1,5) is a solution of the 
system ' > 



\ 




, 2x + 3y + z = 4 
x-2y+2z=6 
+ 3z = 5 

because I X = -2 , y = -1 , ^nd z = 5 satisfy all 
three eckuations. 



56 
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7. solvinci a Systeira — 'Elimination Method 

An elimination procedure similar to the addition-subtraction 
method of Section 3 can be used to solve a system of three 
linear equations. 

Example. ' ^ _ _ 

T.r The steps in solving the system 

4x - y - 2z = 1 ... (1) 

3x + 2y + z = 5 . • . (2) 

2x + 3y + 3z = 10 . . . (3) are: 

Step 1. Choose a pair of equations and eliminate 
, one of the vfiriables. Selecting (1) and 

(2) , eliminate z by multiplying (2) by 2 
and adding* 

4x - y - 2z = 1 

6x 4y 2z' = 10 
lOx + 3y := 11 ... (4) 

\ 

\ 

/ Step 2. Select another pair of \equations, say 

/ ' (2) and (3), and eliminate z by 

multiplying (2) by 3 and^subtracting. 

9x + 6y + 3z = 15 

2x 3y 3z = 10 
7x + 3y =5 

Step 3. Solve the system of two equations (4X 

and (5) by any convenient method of th^ 
j ^ previous section. Subtracting (5) from. 

(4) eliminates y. 

lOx + 3y = 11 

i ' 7x 3y =: 5 

3x = 6 or X = 2. y = -3. 

Step 4. Substitute x = 2 and y = -3 into an 
V original equation of the system and 



\ 




solve for 2. Using equation (3), 
O 2(2) + 3 (-3) + 3z = 10 or z = 5. 

ERIC 
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St^p 5; Conclusion. The solution of the system 
is (2,-3,5). 



Solve the given systems. 
1. 4x + 3y - 22 = 11 
2x - 3y - 3z = 5 
5x + y - z = 8 



Exercise Set 5 



2. 




= -2 

2 = 1'' 

2z = -5 



8. Solving a- System Using Determinants — Cramer's Rule 
A determinant of order 3 has the .standard form of 



^11 


^12 


^13 


^21 


^22 


^2 3 


^31 


^32 


, ^33 



where the elements are real numbers. 



The minor of an element a^^ (i = 1,2,3, j = 1,2,3), written 

M. . , is the smaller determinant whose elements are formed 
ID 

by eliminating the row and column in which a. . is a member* 

i+i 

The cofactor of an element a. . is (-1) '-^ 



13 



M... 



Example. 

8.1 The minor of the element 5 in the determinant 
4 2-1 



-4 

1 



is M 



23 



= -8 formed by 



eliminating the second row (i = 2) and third 
column (j = 3) of the given determinant. 



ERIC 
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8.2 The cof actor of the element 5 in the determinant 

4 



of P.l above i^s^ t-1) 



2+3 



"23 = 



6 1 
= -l-(-8) 
= 8. 



The value of a determinant of order 3 (or higher) is found 
by taking the sum of €Ke products of elements in any row 
(or column) multiplied by their corresncmding cof actors. 
This proced'ure is sometimes called LaPlarce's expansion after 
the originator. 



Example. 

8.3 Evaluate 



Step 1. 



u 

2 



3 
-3 



-2 
-3 
-1 



Select a row or column, say row 2, and 
multiply the elements of this row by 
their corresponding cof actors. 



2. (-1^2+^. 



-2 
-1 



= 2- (-1) • (-1) = 2 



-3- (-1) 



2+2 



4 -2 

5 -1 



= -3'1'6 = -18 
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-3- (-1) 



2+3 



4 3 

5 1 



= -3-(-l) -(-11) = -33 



Step 2. The value of the determinant is the sum 
of the products 2 + (-18) + (-33) = -49. 

Cramer's rule states that the value of each variable in a 
system o^ three equations is the ratio of two order 3 
determinants. The denominator is the determinant of 
coefficients of the variables in the system. The numerator 
is the coefficient detsrminant in, which the coefficients of 
the variable being solved for are replaced by the constants 
of the equations i 
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Example . 
8.4 Solve 




Step 1. 



1 

10 
-5 



usino Cramer • s' rule, 



y = 



z = 



1 


1 


-2 




10 


4 ' 


6 




-5 


-2 


,7 


24 


'J 


1 


-2 


~ -12 


2 


4 


6 




1 


-2 


-7 

T 




3 


1 


-2 




2 


10 


6 




1 


-5 


-7 


t60 




-12 




" -12 


3 


1 


1 




2 


4 


10 




1 


-2 


-5 


12 




-12 




-12 



= -2 



= 5 



= -1 



Step 2. The solution is (-2,5,-1). 
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- Exercise Set 6 
Solve each system using Cramer's rule. 
1. ( 4x - 3y + z = 1 2. 
2x + 3y - 4z = -4 
X - y + 2z = 5 



3Rj^ - 2P2 + 4^3 = -3 
6Rj^ + 3R2 - 2R3 = 8 
2R2 - 5R3 = 4 
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9. Coppttter and Calculator Applications 

There are many calculator and computer programs which aid 
in the solution of systems of equations. There are two types 
of prograns. One will evaluate determinants for solution of 
the equations by Cramer's rule, fhe other type solves the 
: system by giving the values of the variables %#hen you enter 
the coefficients and right-side constants. 

Exercise Set 7 

1. Use the prograr» "DET" to evaluate the determinants 
necessary to solve the following system of equations 
by Cramer's rule, ♦ . 




Use the program "SIMEQU" to find the solutions to the 
following system of equations 



r 

L 



3x + 2y - 2z = 1 
-% -X + y + 4z = 13 
2x - 3y + 4z = 8 
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CHAPTER FOUR 
QUADRATIC EQUATIONS 



1. Qtaadratic Functions in One Unknown . 

A function f (x) 'is called a quadratic 
assumes the form f (x) = ax2 + bx + c wnere a, b, and 
constants , and a ^ 0. 



f it 
c are 



Examples. 

1.1 The functions f(x) = 3x^ + 6x + 1 , g (t) = -4t , 
and h(s) = s"^ - 3s are quadratic. 

I 3 

1.2 The functions f (x) = 3x - 4 and g(t) = 4t - 0.5t 
are not quadratic functions. 

The graph of a quadratic fun c tion f (x) =,^^V ^ 
the 2et of all points whose coordinates (x,y) satisfy 
^he equation y = ax2 + bx + c. It is customary to graph 
a ?ew^selec?ed solutions of this equation and join these . 
^ints with a smooth curve to arrive at the graph of the 
function. 

Example. ^ 

2 

/ 1.3 Graph the function y 2x + x - 15. 

Step 1. Using a table and given values of x, 
find the corresponding values of y 



X 


-4 


-3 


-2 


-1 


0 


1 


2 


3 


4 


y 


13 


0 


-9 


-14 


-15 ' 


-12 


-5 


6 


21 



Step 2. 



From^the table, list solutions of the 
given equation: (-4 ,13) (-3,0) ("2,-9) 
(-1,-14) (0,-15)(l,-12) (2,-5) (3,6) 

(4,21) . 
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Step 3. Graph th<? solutions in Step 2 

y 



Figure 4.1 

Step 4. Join the points with a smooth curve. 



1 4 


► y ^ 

.4 f 


• 1 i t l» 








5 



Figure 4.2 
Exercise Set 1 

Using graph paper, sketch the graph of each given function. 



a. y»x +3x-4 
c. y ■ x^ - 6x + 8 



b. f(x) = -2x* - X - 15 
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2. Roots and Zeros . • . , 

T:r a quadratic function f(x) = ax^ + bx + c is set equal 
to soma value, say d, then the solution (^4^ ^ the re- • 
.- sulS^ fequ^ion d = ax2 -f + c are called roots of the- 
equation • * 

Exeunples. 



2.1 



2 

If the function f (x) = x - x - 6 is set 
equal to 6, then the solutions of 6 - 
x^ - x - 6, namely x = -3 and x = 4, are 
roots of 6 = - X - 6. > 

Graphically, the roots can be found by tak- 
ing the x-coordinates of the intersection 
points of the graphs of y = x^ - x - 6 and 
y = 6. (See Figure 4.3). 







y 


Lfsh — 


iV 

11 

11 
1 

■ 1 1 1 1 1 1 






1' 
1 

H 1 1 1 l» X s. 


-3 




1 1 j 


4 

r = -7 



Figure 4. 3 
2.2 If the function f(x) = x - 



- 6 is set equal 
6 has no 



tne runctiun i \a/ - ^ ^ 
to -7, the equation «7 = ^ " ' o v - 6 

real roots since the graphs of V - \. 

and y = -7 do not intersect. (See Figure 4.3)- 

If a quadratic function f (x) = ax^ + bx + c is s|t equal to 
zero, then the solution (s) of the equation 0= ax^ + bx + c are 
called zeros of the function. 



0 
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Examples* 

2.3 If the function f (x) = 2x^ + x - 10 is set 
equal to zero, then the solutions of 0 = 
2x + X - 10, namely --2.5 and 2, are zeros 
of the function. 

Graphically, the 
of the points of 
and the graph of 
figure 4.4) 




1 

Rgure 4 .4_ 




Fi aure 1 . 5 



zeros are the x-coordihates 
intersection of the x-axis 
y = 2x2 + X - 10. (See 



Exercis^ Set 2 

1 Determine which of the given values of the variable 
\ are roots of the given equation. 

\a. 3 = x^.- 3x -7; X = 0, -2, 3, 5 
■}j t = -6, ^2, 2, 7 
c2-/5x+5;x = -3, 0,1^/5 



\a. 


3 = x' 


b. 


12 = 


c . 


20 = 


Determine 


are 


zeros 


a. 


f (x) 


b. 


g(t) 


c . 


h(s) 



f(x) = 4x^ - 20x;'x « 3; 5, -5, 0 

► « 

b. g(t) ^ 5t^ - 20t; t = -3,1, 2, 0 

+ lis - 4j s = -4, 0, 3, 2 
3. " Find the zeros of f (x) = 2y} + 7x - 4 graphically 

or 

Finding Zeros of a Quadratic Function. 

The pr3'sent2section deals with finding the rootS20f the 
equation ax^ + bx + c =' 0 (or zeros of f (xj - ax + bx + 
Ihev are the same) r--Gensider this equation to be the 
sSdaJd fom. of a quadratic ec^uation in x. To solve a 
quadratic equation is to find.ics roots. 

A quadratic equation can be solved by graphing. Locate 
JhTpSnts wSre the graph of the equation intersects the 
X-axis . These poifxt^^ve coordinates of the form 
(x,0) where x is a root. 

Example. 

3.1 Solve 2x^ + X - 10 = 0 by 'graphing- 

2 

step 1. Graph the function v 2x + x - 10 . 

r 

5 

I I » I » X 




Figure 4.6 



GO 



step 2.. The roots of 2Jc? - x * 10 = 0 are 

. the. x^^ntecoept* of tdie qraepht namely 
at - -2: and; x » 2j,S*. 

A factor ing aefcttod : cahTfie- ui»r^ solve a quadratic equa- 

tio'n whene^Jer the eaqpressioir a»Z > bx -k cis^ 

Write tiie equafeLoir in atanaaxT foOT- . Factois tite^ qxmflra- 

tic side and sest eacii fiacrtanr eepjaii to zero., solving: 

these new eqtiafeboi»= inifiiwfc^aaibly reMlts^ in the zeros^of 

the quadratic function 'and: tiie roots^ ot the original 

equation. 

Exaitqples. 

3.2 Solve 2t^ = t 10. — 

* Step 1. Write tdie aquation in standard fom, 

2t^ - t - IX) = 0.. 

Step 2. Factor ta»e le:^: aide and set each 
^factor eoual to' zero. Solve the 
'resulting equations . 

- • (2t - 5)«<t + 2) = 0 

2t-5=0ort+2=0 
t = I or t = -2 

2 - 5 — 

Step 3. The rocts of 2t = t + It) are ^ 

and -2. / 

3.3 Solve 4t^ = 9t. I 



Step 1. Standard form of the equation 
4t2 « 9t = 0. 0 

Step 2. t-(4t - 9) = 0 

t=0x>r4t-9 = 0 * 



IS 



t = 0 or t = 1^ 



Step 3. The roots of '41; = 9t are t = 0 
and t.= 9/ A. 

I 

If a quadratic equation cannot be solved by factoring, 
a second method- known as completing the square method 
car bf used. The procedure is illustratea oy exairple. 
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Example. t' . - 

3.4 Solve' 2x^ + 5x = 12 by completing the square. 

Step 1. Write the equation in standard form 
and divide both sides of the equ^-. 
tion by the coefficient of x if it 
is not one: 
2x^ + 5x 12 = 0 

■ + |x - 6 = 0 

' Step 2. Move the constant to the right side 
to get x2 + = 6. ° 

Step ^. Square i of the coefficient of x and 
add the result to both sides.. That 
is, add ,1 . 5.2 _ 25 to both sides. 

2, 5 ^ 25 _ ^ . 25 
^ * 7^ IF 

Step 4. The left side trinomial is the sqiiare 
of the binomial whose £: rst term is 
i X and whose second term is. 1/2 of the 

coefficient! of the x-term in the 
_ trinomial. The equation can now be 
> written as 55 121 

+ = "IT- • 

Step 5. Take the square roots of the sides 
• - and solve the resulting equations 

for X. 

^ 5 _ ± 11 

• Thus, X + I = ^ or X + I = from 



which X = 1 or X = ^-'4. 
2 



2 3 



Step 6. The roots of 2x'^ + 5x = 12 are x =.J2 
and X . = - 4 . 
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2 

If the quadratic* equation ax + bx + c = 0 is solved by 
completing the square, the roots are found to be 



-b + Jb^ - 4ac -b - Jb^ - 4ac 
X = and X = jg 



usually written as » — r 



-b * / b^ ^ _4ac 

This equatijon is called th« quadrat jLc formula . 

The roots of a quadratic equation can be found by iden- 
tifying the values of the constants a, b, and c from the 
Standard form, substituting these values into the qua- 
dratic formula, and simplifying. 

Exanqples» 

2 

3.5 Solve 2x = 1 - x using the quadiatic for- 
mula. 

Step 1. Write the equation in standard form 
and determine the values of a, b, 
and c. 

2x^ + X - 1 = 0? a = 2 b = 1 c ^ -1 

Step 2. Substitute a"*= 2, b = 1, and c = -1 
into the quadratic formula and sim- 
plify- 

V - -1 ^ /l^ - 4-(2M-l) 

, - -I * _ -1 - 3 _ -1 - 3 

4 ~ 4 

-1+3 
or 

4 

X = -1 or 



and X - J. 



1 



2 

Step 3. The roots of 2x = 1 - x are x = -1 
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V 



Four 2 decimeter squares are cut from the cor- 
ners of a rectangular piect of sheej^ metal 
that is \ decimeters longer than it is wide. 
A 1 ray hfiving a volume of 156 cubic deci- 
meters i^ formed by bending up the sides and 
solderintf the seams. What are the dimen- 
sions of the piece of gheelt metal? 





1 


1 


* • 


1 




J 




— 1 


J 


1 
1 




• _l 






1 



7 



I 




Figure 4.7 

Step 1. ' labeled diagram of the. piece of 
i metal may provide insight into the 
translation ofi the problem intij) an 
^ equation form.\ , 




Step 2 



'j'he volume of the triy is the product 
6f its length, width A and depth, 
thus, 156 = (x + 3)*(x\- 4)!- 2 
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step 3. Simplifying the equation from step 2 
gives ^ 

- X - 90 = 0. 

Step 4. Substituting a = 1, b = -1, and 

c = --90 into the quadratic formula , 

X 2.1 

^ 1 1 /3n: ^ 1 ^ 19 

2 2 ' 

The roots are 10 and -9. 

Step 5. The width of the 'piece of metal is 
10 decimeters and the length is 17 
decimeters . ' 



Exercise Set 3 

Solve the qiiadratic equations in exercises 1 - 4 by the 
method suggested. 

1. Grs^hing Method: 

o 2 
a. X + 4x = 0 b. 6x + llx = 7 

2. Factoring Method: 

a. x^ - 3x = 0 b. t^ = 6t - 8 



c. 



2x^ = x + 10 d. 6x^ + 7x = 20 



1 ■ ' 

3. Completing the Square Method: 

a. 2y^ = 4 - 7y b. x^ = 2/I3x - 10 

4, Quadratic Formula: 

a. 33^ - 3 = 4 b. Sm^ - 3m - 5 = 0 

5 Tho formula d = V t > l/2gt^ gives the distance (d) 
irsm a starting point after a time (t) of ai object 
whicii falls with an initial velocity (Vq) , under the 
accleration of gravity (g = 9.8 meters/second/second) 
If a woman is pushed with a velocity of 2 meters/sec 
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from the window of her flaming hotel bedroom (25 
meters from the ground) , how long will it take her 
to hit ground? 

Dizzy Dean pitches with a velocity of 20 pieters per 
second. His hand is 2.2 meters above ground when 
the ball leaves it at an angle of 30^ to )bhe hori- 
zontal. 

a. Find the times when the ball is 4 meters above 
the ground. 

b. Find the time when the ball is 1 meter above 
the ground. 

c. Why is there only one answer to b? 

Hint: Use the quadratic equation y = (V^^tan B)t 
- l/2gt2 + where t is time in seconds, y is the 
height above ground in meters, Yq is the distance 
from the point of projection to a zero point, G is 
tJie angle from the' horizontal, and g is the accelera- 
tion or gravity, 9.8 m/sec • 



a. Find the radius r of the circle shown in 
figure 4.10. 

b. Find the length of the arc of the circle from 
point A to point B on the circumference. 





ground level 



figure 4 .9 




Fiqure 4.10 
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CWiPTBR FIVE 

COMPLEX NUMMRS - ZMIlQINMiy ROOTS OP QUADRATIC EQUATIONS 



1. co« npi»x wnwbtf 

No n^9^tiy^ nuHlMr hM m rm^l nmbmt «s its square root* 
EquivAlentiyt no xe^l number viuftred is a negative real 
nuRt)^v« l^er^ftMre^ « mw systm of nmribers^ called SSS~ 
plex niMifcers > i» introduced to r«>ve this deficiency. 

The «y«l>o4 3 is de^flned to bo the imtginagy imit having 
the parojpterty 5* » It follovs intuitively , that 

Any nvoabor ^ioh can bo e)C|>rossod in the form a + bj 
where a and b are real nunbexs is called a complex num- 
ber. Tbe part. Is CAllod the roal part amd 'bj' is 
called the iMoyiiiary |)art %^ 

The real number is a coffp^Iox Ausibojr of the form a 4- Oj. 
Thus^ any real nundbor is a ceiqpJiex ausiber wtoiose imaginary 
part is Oj. 

A pure ima^inaary number is a ccMnplex nunfcer of the fornr 
0 + bj orr more simply r bj* 

An ira£iqinary number is a eompXmx number where b ^ 0, 

l\l The ccHnplex nuii^er -4 87 is eui imaginary 
number whose real pa^t is -i4 and whose 
ima^n^u^y part is -^8^j» 

1.2 The real nufid>ers ft and 13 are con^lex num- 
bers of the form 0 -f Oj and 13 + Oj, 
respect i vely . -^gf^ 

1.3 The imaginary muri^er 7i is a pure imaginary 
number (a « 0) » 

1.4 The diagram below illustrates the relation** 
ship among complex numbers. 



I 
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Coitplex Nxiinbers (a + bj) 

I ' ~~i ■ " 

Real Numbers (b = 0) Imaginary Numbers (b ^ 0) 

(3, -9, \, 8.5, etc.) (3 - 2 j , -\s , 5 + v^j , etc.) 



Pure Imaginary (a = 0) * 
f6j. -jjr V5j, etc.) I 

Figure 5.1 

The square roots of negative numbers can be represented 
in terms of j . If p is a positive number, then the 
square roots of the negative number -p are given by 

= • j , and = -Vp • j • 

The expression Vp . j is called the principal square root 
of -p. When finding the square root of a negative num-- 
ber, express the principal square root unless specified 
otherwise. 

Examples . 

1.5 The two square roots of -25 are 5j and -5j.r 
The principal square root of -25 is 5 j . 

1.6 The square roots of -1 are j arid - with j 
the principal square root. 

^ 1.7 y/=n = v/r7 j . 

Exercise Set 1 

1. State whether the given number is a real number or 
an imaginary number. If it is imaginary, indicate 
if it is a pure imaginary number. 

^ b. 3 - 8j c. -y/V^ d. 3 - 

5 + f. 0 g. -5j h. 



a. 
e. 
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2. Write the given numbers in the form a +„bj. 

a. y=Tinr b. 3 - c. 5 + /=? 



Operations Involving Coaplex Munbers . 

Equality of two coMplex nunbers a ■•• bj and c + dj is 
defined as a bj « c dj if and only if a - c and 
b = d. For example, x + yj = 3 - /?j iinplies that x 
= 3 and y ■ -J^. 

Oper actions on Coaplex Noafcers. If a + bj and c + dj 
are conplex nuAers, then 

i.) (a + bj) + (c + dj) = 

(a + c) + (b V d)j addition 

ii.) (a + bj) - (c + dj) = 

(a - c) + (b - d)j subtraction 

*iii.) (a + bj) • (c + dj) » ' ' 

(ac - bd) + (ad + bc)j , multiplication 

iv.) a bj _ a bj - . c - dj _ 

irr^ ' c + d3 b - d3 ~ 

, ac bd ^ be - ad division 

c + d c + d 

Examples. 

2.1 (3 + 4j) + (i + 12j) = 

(3 + j) + (4 + 12) j = 3^ + 16 j 

2.2 (-3 + 4j) - (6 - 2j) = 

(-3 - 6) + (4 - (-2))j = -9 + 6j 

2.3 (-2 + 3j) • (-5 - j) = 
10 + 2j - 15j - 3j2 « 
10 - 3(-l) 2j - 15 j = 
13 - 13j 



2 

* Multiply as two binomials with j = -1. 



2.4 3j • (2 + 13j) = 6j + 39 j2 
6j + 39(-l) = -39*+ 6j 

**2.5 • = /I j • /S j = 

v/TOj^ = \/37(-i) = -v^ = -2^or? 

2.6 4 - 6j ^ 4-61 . I|i = 

-20i -h 30j^ _ -30 - 20j _ 

-25j2 25 
-6 4. 

2 . 7 3 - 4j ^ 3 - 4j 6 -t- j _ 
6- -j 6 - j • 6 + j ~ 

18 4- 31 - 24 j - 4j^ ^ 
36 

(18 -t- 4) - 21j >^2 21. 

57 37 ' 

2.8 -V^ - (3 - 4j) + (4 + j) (-6 - 2j) = 

. , -2j - 3 + 4j + (-24) - 8j - 6j - 2j^ = 

-3 - 24 - 2(-l) - 2j + 4j - 8j - 6j = 
-25 -12j 

Exercise Set 2 

Perform the indicated operations and sinqplify. 

1. (3 - 5j) - (-.7 + 3j) 2. + - (3 + j) 

3. -vP? . 4. 76 - j) • (4 + 3j) 

5. y/=^ - 5j 6. 3 - 8j 

4j 

7. 6 - 4 i • 8. - (2 - j) (-4 + j) 

3 + 23 



** It is important that imaginary nuntoers be expressed 
in the standard con?)lex form a + bj (whenever h ¥ 
before operations are performed. 



PRnppp 



-7X- 



3. Imaginary Solutiong of Quadrat ic Egxxations. 

The expression - 4ac in the quadratic formula is 
called the discriminant . If 

b^ - 4ac > 0, then the roots are real, unequal; 

b^ - 4ac = 0, the roots are real, equal; 

b^ - 4ac < 0, the roots are imaginary, 

AS stated above, if b^ - 4ac < 0, then the solutions of 
a quadratic equation are imaginary. When thifi occurs, the 
factoring and graphing m^hods of finding solutions can- 
not be used; however, -completing the square and the quad- 
ratic formula methods can be applied. 

Example.- 

3.1 Solve x^ = 8x - 20. 

2 

step 1. Standard form is x - 8x +^_?J3 

.__jHith^^a-«'^^rr-b-^=~=^7^na^ = 20. 

Step 2, Substituting into the quadratic 
" formula , — — 
- (-8) * /(-8)^ - 4(1) (20) 



2 . 1 



8 ^ 

2 

e * 4j 

2 

4 i 2j. 



Step 3. The roots of x^ = 8x - 20 are 
4 + 2j and 4 - 2j. 



Exercise Set 3 

Solve the following equations which have imaginary solutions 

1. + 1 = 0 2. x^ - 6x - 10 

3. x^ - 8x - r25 4. 36x^ - 36x + 13 - 
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CHAPTER SfX 
EQUATIONS CONTAINING FRACTIONS 



1. Rational Expressions. 

A polynomial is the sura, of products of real numbers and 
nonnegativ^ integral powers of the variable (=) . In 
general, a polynoroial in one variable has the form 

a^x'^ + ,x"^^ + ... + a,x + a where 

a . a a are real numbers and n is an integer, 

n-lv • ' o 

n >^ 0. - 

Examples. 

2 

1.1 The algebraic expressions x - 3x + 4^ 
7x - ? X*, 34^ and x are polynomials in 
one variable. 

1 X + 2 

1.2 The expressions /3x, and ^ g are not 

polynomials . 

A rational expression is the quotient of two polynomials 
where the denominator is non-zero. 

Examples . 

1.3 Rational expressions and excluded value (s) 
^of the variable for which the denominator 

is zero are 

a. li-±4, xye b: -^j-i^— 

X - 6 t - t - 12 

A fraction will be considered in lowest terms when the 
numerator and denominator have no common tactor other 
• than 1 or -1. To rem6ve common factors ,^ factor both 
numerator and denominator and apply the FunaamentaX 
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Principal of Fractions ^ which states 

l^ ,a, h; and c are rcjal nximbers with b 5/ 0 and 
c ^ Pi-then 



ar • c _ a 
b • 1 c b* 

The common factor c cem be removed (cancelled) to give 
the reduced form a/b. 



Excunples . 
, 1.4 



15xV = 3 « / « y « / = 3x2. ^ ^ o,y ^ 0. 

5xy^ /j / ' yr 



1 c - 5m - 6 _ (ja-K^ (m - 6) 
!S>:4) im - 1) 



——J-; m 5< -1, 1 



m 



, - t^ + lot + 25 _ (1>-K^(t + 5) _ t + S . 
2t3 + 7t^ - 15t ^ ^f^^ - ^^^^^ ' 

t ^ 6, -5, I / 



Exercise Set 1 

-Reduce each fraction to lowest terms and state the ex- 
cluded value (s) of tlje variable for which the denomina- 
tor is zero. * 

1. -12x^ 2. - x^ 

3x^ X - X 

3. r2 + 8R + 12 4. 6t^ - 13t + 6 

r2 - 36 3t + lot - _8___ - 

2 . Operations Involving Rational Expressions . 

If M, N, P, and Q represent polynomials, then rational 
expressions of the f orm' M/N and P/Q cap be multiplied 
according to 

/' ^ • |. = ^-r^ where N and Q are not zero. 
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product should be written .rn 16v;est terms. 
Dj.vlsion is performed using the rule 

\i ' p"= I • I = |-rS" ^'here N, Q, and P are not zero. 
The\ quotient should be expressed in lowest terms, 
\Exainples . * 



2'.1 



4x3 j_ '■■ ^^3 



\ 3 2x2 _ 2x 3 • (2x2 _ 

\ 2 2</ x2 _ 2x2 

\ = 3.^/(x - 1) - 3(x 1) 



2.2 



x2 - 25 . 12x - 8 ^ (x2 - 25) •U2x - 8) 
" 2 x2 - 2x - 35 (3bc - 2) • (x2 - 2x - 35) 

(x - 5)-(:i>--^' 4 •(3jp^^'") ^ 4(x - 5) 
{3j5^^^) (X - 7) (x>-^) ■ x-7 



2 31 ^ , 3p^ -H 9p2 -H 6p 

"^•^^ 2p - 4 2 



p - 4 

9p . p - 4 

2P - 4 3p3 + 9p2 + 6p, 

' (P^ - 4) 

3 . « 2 



(2p - 4) Op-' + 9p' + 6p) 

2(B^^) •-?'r^ip->-27 {p +1) 

^ ' - 3p 

~ 2 (p + 1) 

i|* Throughout . the remainder of the chapter, assume that 
A values of 'variables for which denominators are zero 
7 have been excluded. 



Exercise Set 2 



Perform the indicated operations and oxpross thv rcMTull 
in lowest terms. 

3x^ - 27 . x^ + 6x + 9 

■ - T - 2 -12T'^ • 

2. — 5 • — 5 = — : 

ST'^ - 2T - 8 



3* 



(2x + 16) X + 3 
3x + 9 ' X + 8 

5x^ . '15x . x^ + 4x + 4 



- 4 x'^ + 3x - 10 2x' + 9x - 5 

Additi rn and subtraction of two rati/nal expressions 
which have a common denominator is given by the rules 

M + P . Ml+P. and g - ^ = ^^4. where N 0. 

Seldom are ^He^denSnators^he same however. When two 
different denominators are involved, a common denominator - 
must be found, or better yet, the least, common denomina- 
tor (abbreviated L.C.D, ) should be foundv 

To find the L.CiD., factor the denominators of the frac- 
tions to be added or subtracted. Choose each factor the 
greatest number of times it occurs in any one denominator 
to be part of the L.C.D. 

Once the L.C.D. has been determined, the fractions to be 
added or subtracted will be chanqed in form, if neces- 
*sary, using the Fundamental Principle of Fijactions so that 
they will have the same denoirdnator, namely, the L.C.D. 
The addition or subtraction operation can now be perform- 
ed following the rule^ stated above. 

Examples. . 

' 2 2, 

2.4 Tf two denominators are 4x - 64 and lOx - 80x 

+ 160, the L.C.D. is found by 
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Siep 1. Factoring both denominators com- 
pletely. 

4x^ - 64 = 2^* (x - 4) (X + 4) 

lOx^ - -SOx + 160 = 2*5{x - 4)^ 

Step 2. Each type of factor present, from 

step 1^ m^ft be a factor in the L.C.D. 
Thus, the L.C.D. has the factors 
" 2 , 5 , X - 4 , and x 4- 4 . 

Step 3. Each factor in L.C.D. must occur the 
greater number of times it occurred 
in either denominator. Therefore the 
L.C.D. = 22.5-(x - 4)2. {x^+ 4). 

5x * 2 3 • 
2.5 S^ibtract: ^ 



2 3 
8x 2€x^ 



Step 1* The denominators are not the same. 
" They caq be factored as 2^^x^ and 
22.32.x3 to give a i.C.D. of 
23.32.x3 or 72x3. \ 

Step 2. By the Fundamental Principle, the 
fractions are expressed in an 
equivalent form having the L.C.D.: 

2 ^ 
(5x - 2) *3^*x 3 - 2 

2 2 " 3 
8x^ • 36x'^ • 2 

Step 3. The fractions can now be subtracted 
to giVe: 

jSLx - 2) *9x - 6- 
* L.C.D. t 

Step 4. Simplifying, the dif ference« is 

45x^ - llx - 6 ^ >3r(15x^ - 6x - 2) 
,72x^ ^ • 24x^ 

^ 24x^^ 
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\ 



- (n - 3)(n +1) (n + 1)^ 

2 ' 

(L.C.D. = n(n + 1) (n - 3)) 



. n(n -Hi) + _2n - 1 • n(n - 3). 

- Tn - (n + 1) -nln -i- i) + 1) -n- (n - 3) 

1 . (n - 3Hn + 1) 
' n7n + 1) - (n - 3) (n + ^ 

3n.n- fn -H 1)-K2n - l^n. (n - 3)-(a - 3) (n + D 
= L.C.D. 

''txi^ - 511^ + 5n + 3 
n(n + l)"(n - 3) 

Exercise Set 3 

Perform the indicated addition or subtraction and express 
the result in lowest terms. 



1. 



3. 



5. 



2 

X 


4 


2. 


1 


" 14 " ^^3 


- 4 


■ - 4 


^1 


t 


'32 


1 . 


i - 




t + 4 - 


. - 16 








7 








3x - 4 


16}? 


'^^ 26x3 


•3 . 


2 

X 


+ 6x + 5 



X 



solving Equations Cont aining Fractions. 

in Lolving.an equation which ^-^^ains fractions 

?i^e ^Ls^:i^i'ie;u?t t an eguivafent e^ua^ 

tion containing no fractions. 
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Examples • 



3.1 Solve i 



i + i f or R. 



Step 2. Multiply born sides of the equation 
by the L.C.D. ana cancel where \ 



Step 1. Th^ L.C.D. of the fractions in ^he 
equation is R • R^^ • R^. 

Multiply 1 
by the L.i 
possible. 

/•«l-«2>= ^•X"^2-]^^ ^-^l-K*^ 

Step 3. Simplify and proceed to solve for 
the indicated unknown. 



N 



R^ R2 = R Rj + R 



R^ R2 = ^(^2 



^1 ^2 
R^ + Rl 



= R 



(It is understood, that R, R^ , R2 are 
non-zero; R ,1^ R^ and R R2.) 

2 

3.2 Solve § = 5 - for d. 

J 

Step 1. The L.C-,D. of the fractions involved 
is 27rr^<i. 

2 

Step 2. Multiply both sid^s by 2^t d and 
cancel ^ach denominator. 



m 



Step 3. Simplify and solve for d. 

2 ^ 2 2 

27Tr p = 27Tr m - m d 

2 2 2 

m ^ = 27Tr m ^ 27ir p 

2 

d = " P) 



- 84 
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3.3 Solve 



2 ,^ y-4 y + 4 
y - 16 ^ 



Step 1. The L.C.D. is (y - 4) (y + 4). 

Step 2. Multiply the sides by (y - 4My + 4) 
and reduce each fraction. 




- fy---^ (v + 4) .- 
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= (y - 4ja¥--'''?T2j 

Step 3. Simplify and solve for y, 

3 -(y + 4) .2 = (y - 4) -4 

3 - 2y - 8 = 4y - 16 

-6y = ^11 
11 

3,4 The perimeter of the rectangle 
shown in figure 6.1 is 18 
centimeters. What is the 

length and wi dth of the 

rectangle? 



Step 1. By definition of 
perimeter, 

15 



18 - 2.33^+ 2.—^. 



' 3 
x-1 



Figure 6.1 



I 



Dividing both si'-.:es by 6 simplifies 
the equation to 

5 . 1 
3x - 7 ^ ST^- 



3 = 



Step 2. "^Multiplying both sides by the L.C.D. _ „ 

t3x - 7)*(x - 1) gives 

3-(3x-7) (x^ll - J^*e-^(x-l) (3x-7)>-^1^^ 

85 



2 

Step 3. Simplifying yields 9x - 38x + 33 = 0. 

Step 4. Letting a = 9, b = -38, c = 33, and 

substituting into the quadratic formula, 

X = 38 ± yi44 4 - 1188 = 38 ^ /256 
18 18 



= 38 - 16 
18 



11 

X = 3 and x = — 



Step 5. Replacing x by 11/9 in. the length 
15a2x - 7) results in a meaningless 
value of -4.5. Letting x = 3, the 
length is 7/2 centimeters and the 
width is 3/2 centimeters. 



Exercise Set 4 
Solve the following equations x:ontaining fractions, 



a. 



w . 1 w V. t -f 4 ^ t - 2 



J. ^ - ^ b 



c • 1 = 3 _ 5 ^ _3 4 =■ 0 

^ K R - 1 * _ 9 2F - F r 3 

The total resistance R in a set of parallel resistors 
in a circuit with resistance r^ (i jL • • • » 

-±s^ -girven -by-"fehe- eq^rvfeion 



. 1 = i + ^ + + .. 1 
R r^ r^ r3 r^ 

a. If there are three resistors in the circuit 
(i.e. i = 1, 2, 3), solve for the total resis- 
tance R in terms of r^ , r2» and r^. , ' 

b. What does R eq^ual in terms of r^^ and if 

• thejce^-are tliree resistors r^, r^, and with 

^2 = ^3- 

c. Two resistors r, = 900 ohms r, = 1000 ohms are 
arranged in parallel. What i§ the value of the 
total resistance R? 



8C 
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What is the total resistance R where r^^ = 900, 

r = 1000, and r, = 1000 ohms? 
2 3 



3. Find the length and width of the rectangle in Figure 
6.2 whose perimeter is 2 meters. 




Figure 6.2 

According tc the Doppler effect the observed frequency 
produced b^'' a moving source is different from its 
actual frequency, i.e. the frequency that would 
be observed if the object was stationary with res- 
pect to itfs observer. (This is why the pitch of a 
car horn se^ to change as a car passes by.r) 
For sound waves 



fo = 



V + W + V, 

V + w + 



-.f where f is the actual 

s s 



frequency of the source, f is the observed frequency, 
V is the velocity of sound in the medium, v^ «ls the 
velocity of the observer, v is the velocity of the 
source, and w is the velocity of the wind. Sound 
travels in air with a velocity of 331 m/sec. A car 
is traveling at 20 m/sec in the same direction as a 
20' m/sec wind* the car approaches^ a stationary 
opera singer (wi th^erfeet-piral thinks that the 
car's Jiorn-is-ffeunding a middle C (256 cycle/sec). 
^mtstristhe actual frequency of the car's horn? 



87 
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CHAPTER SEVEN 
EXPONENTIAL AND LOGARITHMIC EQUATICWS 



Exponential Form - Laws o'f Exponents , 



Real numbers can be expressed as the product of a sin- 
gle factor taken several times. For example, the num- 
ber 16 equals the product of 4 twos or 16 = 2 • 2 • 2 • 2. 
To abbreviate this product and still be able to indicate 
the factor and the numfcer of times it occurs, the num- 
eral 24,, is used« The factor 2 is cal^led the base, the 
4 is called the ^xponent^ or power > -and the complete form 
2 4 is called an exponential form of 16. Exponential 
forms of 64 are 8^, 4^, and 2^ while 8/27 = (2/3)3. 

, t 

In general, for any real number x, the product x ' x * x • 
... • X • X = x^ .for n fafctors of x. The number x is 
called the base, n is called the exponent , and x'^ is the 
nth power of x. 



Examples. 

I _ 

1.2 (0.2)4= (0.2) :o*2) (0.2) (0.2) =0.0016 



1.1 5^ = 5 * 5 = 25 



1.3 81 = 9 • 9 = 9^ 

, , 64 4 4 . 4 _ ,4.3 



Exercise Set 1 
1. Write the number whose exponential forin is given, 
a. 2^ ■ d. (0.3)^ g. (h 



3' 

b. 5-^ * ^e. 2"" h. (4^) 



;3 . ^. h. (4i) 



c. 10* f. r i. (50) 

2. Write an exponential form for each of the following. 

a. 100 c. 36 e. 0.008 

b. 16 d. t. 10,000 



83 



-83- 



In order that an exponential form of a number can be us^d 
in certain calculations, the following laws of exponents 
are introduced. Assume that a and b are real numbers; 
m and n are positive integers. 

^ 1) a"^ • a^ = a"^ ^ (product of power&l 
m _ 

ii) ^=a , a?^0, m>n (quotient of powers) 
a 

2- = — = ; a / 0, n > m (quotient of powers) 

nn-m'^' ^ ^ 
a a 

iv) (a"^)^ = a"' * ^ " (power of a power) 

V) (a • b)^ = a^ • b^ (power of a product) 

vi) (r)^ = ~; b ^ 0 (power of a quotient) 

Examples. The laws of exponents being illustrated ^re 
^iven in parentheses in each example. 

1.5 x^ • x\ = x^ (i) 

1.6 (4y)^ = 4^ • =^ 64y^ (v) 

1.7 (t^)2 = t*-2 = t^ (iv) 

1.8 y'^ r y5 = y'^'^ = y2 (ii) 

• a a 
1.10 ^ = = ^ (iii) 

. 1.11 (3x*)^ = 3^ • (X*)-' (V) 
= 27x^2 (iv) 




Exe rcise Set 2 



use the la^s of exponents to perform. the indicated 
operations and simplify. 

5^ 6. (-2)^ -.(-2)^ 



1. (2x) - 

4 ' 

2^ X • X' • x 

3. t 



4 . „5 . ^ . 7. (3x^)2 ^ (5x?)2 

4 , ^11 e. . ^ y 



1 /5 2 9. (i)2 

4 . (-=5-) m 

X ,2 4 



zpro'. Seqattv^r Fract ional Eicponents. 

The .v r.nential fon. x° equals one for all *nzero real 

nuirisers x. That is x" =«1, x 0. 

' X'" = X 5^ 0. 



n' 

X 



The laws of exponents also apply t? zero and negative 
exponents . 

Examples . 

-5 3 -5+3 _ -2 _ 1 
2.1 X ^ • = X - X . - -7 



2.2 (3-V)-2 = (3-^)-^ • (t^)-' 

3(-l) .-2) . t4-(-2) ^ 32 . t-8 



/_3.2 :-3-2 ^4 ^4 



V 

Exeri::ise Set 3 

write the follov^ing' i«| pimple form without zero or 
.negative exponents. 

, 5-1 -5. 8° 9. 

1. 5 , X 

90 
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2. lO"^ 


6. 


-4 

X 


10. 


(16)°- r 


1 _ 
-3. ^ 


7. 


1 

is"-"" 


11. 


x-^. x3. 


4. 


- 8. 


(5-2)-^ 


12. 


(2x-2)-3 



-5 



The laws ^of exponsnts, valid for rat iMial powers, show 
that 25^ «= /TS. That is, 25^-25^ = 25^"^^ = 25. Since 
/TS" • /TS = 25, 25^ = In general, 

=z Vx where x - 0 and n is even. 



"iT^^and n are integers and is a real nvunber, then 
a rational power m/n has meanincr given by 
in 1 m 1 ' 



x^ = 



= (Vx)"' and x^ = (x") " = Vx"^ . 



Note: Irrational exponents will not be disciissed because 
there does n^t seem to be a need. 



= (VTD3 = 2^ = 8 or IS^/^ 



Examples . 

2.4 16' 
= X/lP = v'?^ = 8 

2.5 25^/^ = (/3?>3 = 5^ = 125 or y/IP 
= v/15,62B = 125 

-"T.-6- - (kn-^-5T^^V^i^^ T 

-5/3 1 1 11 



2.7 8 



8 



7 



2.8 (27a -"b") 



-3^6,-2/3 ^ 27-2/3 . ^ (-3/ • (-2/3) . j^(6)(-2/3) 



r 



27 



1 

771 



b-4 = 



a 

9h' 



r3/2 + 6s-^/2 ^ 



2.9 4s + 6s--'- = -377 + = TT?"^ 



s 



6-s 



4 . 6s 

7575 7577 



s 



4+6 s 
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Exercise Set 4 
Find the value of each expression. 
1. 400^/^ 2. 4 

-5. 100"^/^ 6. M"^/2•N^/^where M = 64, N = 16 



1/2 o .3/2 3. 32^/5 4. iC^^^ 



-2/3 

^_-^>2 where x = 81, y = 27 



8. (x^ -17) 



2 -i?)"-'-/^ where x = 9 



use the lav/s of exponents to simplify and express the 
results without negative exponents. 

9^ (t~3)5/3 10. (8x '^y^)-^/^ 



11. 



'25t 



/ -2 „2\-2 



36 



y 



The Exponential Fun ction y = b . 

r,nan+-Jties arfe radiuTOwhich decays in time, bacteria wnxcu 
time! and bodies who/e temperature varies accord- 
iSTto ?he temperature of the surrounding medium. - 

, ^. f +.v,e orruAtion v = b'^ is an ordered pcir (x,y) 

of the eqiiation. 

by a smooth curve. ^ 



9 

9;: 



Figure 7,1 



Exainple. 

I 3.1 Plot the ^ graph of y - 3^. ] 

Step 1. Construct a table of values for 
given values of x. 



X 


-3 


-2 


-1 


0 


1 


2 . 


y 

X 


-3 


-2 


-1 


c 






fl 

1 


2 


y 


1 

Tf 


1 
J 


1 
1 


1 


3 


9 



Step 2. Plot the solutions of y = 4 taken 
from the table of step 1. Join the 
points with a smooth curve. 




Exercise Set 5 

Sketch the graph of each function for values of x 
between -^3 and 3. 

1. y 2"" 2. ' y = (i)"" 3. y = 2.5^ 

/ ' 

logarithms - Properties of Logarithms . 

In the exponential equation y = b^, the exponent x is 
called the logarithm of y to the base b ^ written 
X = logj^y (y > 0) . ' ~ 

Exanples. 

4.1 Since 10 - 1000, 3 is the logarithm of 1000 
to the base 10. . 

h - 

4.2 In the equation 16 = 2, T/TTls the logaritrhm \ 
of 2 to the base 16. 

3 

4.3 The value of log5l25 is 3 because 5 = 125. 

4.4 The logarithmic equation which means the same 
as 4 = 64 is log^64 = 3. 

4.5 logg-d/S) = -1 since 5^^ = 1/5, 

4.6 - ]ogg8^-^ = 9.3. 

X ' * x 

If the base b in the equation yr*= is 10, then y = 10 
*and the logarithm of y to the base 10 is called a comiTHDn 

Idaarithm. written log y. Th6 num eral 10 de sign a ting the 

base is omitted', i.e. log^^gy = log y.- 

Another base which 'has widespread applications is the base 
e, an irrational number with an approximate 'value of 2.71826. 
Tlfe logarithm of y to the bas*e e, called a natural log- " 
arithra, is written In y.^ i.e. log y = In y. 

/ - . " 

Exeunples. . * 

2 ■ 

4.7 log 100 = 2 since 10 = 100, , 

4.8 log 0 .0001 = -4 because lO"^ = 0.00e«l... 
4^9 In e-= 1 (e^ = e) and la 1 = 0 =1). 



7 
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4.10 TUe-valttes of the following logarithms are 
found using a calculator. 

a. logp8.312 = 0.9197 ' 

■ b;. In 8„312 = 2.1177 

C. log 0.523 =-0.2815 



d. In 8351 j= 9.030 



Exercise Set 6 

1. Find the value of the logarithm of the given number, 
a. log loop b. loggft . c. log232 

,e. l^q-»,.5 



r 

g.. loggl 



In 83 



•|h. log 0.1 
|k. log 0.051 



f. In e" 



1 . 



log^^ 



1. In 4.35 



2. Express ea(^ giive^ qguation in the equivalent 
logarithmic equation form. 

^ -1 . i c. 6° =\ 



a. 16^/^ =-o4 



b. 10 



Express each given logarithmic equation in exponen- 
tial equation form. 



log-,9 = 2 
KJ. log 10,000 = ^ 



b. In 8349 = 9.030 
d. log 8.312 = 0.9197 



Sir 'logarithms' are exponents, the properties of 
logarithms listed belcw follow from the laws ot exponents. 



i. logj^(M-N) = log^M + logj^N 

11. 

ii. _logjj ^ = logj^M - lo^j^N 
iii. log^# " N • lo^M 



(logaritnm of a product) 

(logarithm of a qujotient) 

i ' - 

(logarithm of a power) 



(ii) 



,13 logi |[^ = 



Examples. 

4.11 loggxv = loggX + loggy . (i) 

i 

4.12 log2 ^= ^0^2^ " ^^^2^ 
= 0 - 10926,= -10926 

109-10"''' = -1 • 109^10 (iii) 

4.14 1092^^=109248^^^ 

= 1/3 log248 (iii) 
= 1/3 1092(16 • 3) 

= 1/3 (logr2l6 .+ log23) (i) - " 

= 1/3 • 4 + 1/3 • log2T 
= 4/3 + 1/3 • log23. 

Exercisfe Set 7 



Express each given logarithm as a sum product, or multiple 
of logarithms and siitplify when possible. 

1. log327x^ __2L^JLog^-^ 3. loq^eAy^ 



X 



4. log^^QSOOO 5. logj^QO.0003 6. log^ 

Application of Logari4;hm& ^ Solving Exponentia:)^ Equations . 

To solve an equation con taining an unkno wn exponent, com- 
mon logarithms or natural logarithms are/employed. In 
this way, the calculator can be used to evaluate the 
logarithms of numbers.. ^' 
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Examples . 

X— 4 2x 

5.1 Solve the equation 6 13 . 

Step 1. Take the common logarithm of both 
sides. 

log 6^"* = log 13^^ 



Step 2. By the property of logarithms (iii) , 

(x-4) log 6 = 2x'log 13 
Step 3. Solving the equation from step 2 for 



-jr^g b - 2x«log u = 4-ioq 6 



and 

4 * log 6 
^ ^ log 6-2 log 13 

Step 4. Evalua^ng thfe logarithmic expressions 

5*2 Solve the ^uation 55 = e^'^^*^. 

Step 1. Take the natural logarithm of both 
sides . 

in 55 - m eO'OSt 
Step 2. Since in(e°*°®S = 0.08t/ 

In 55 - 0.08t and t » q| 

Step-^T — Evaluating In 55 to b e ^-Qfl— Cnearest 
hiindredth) , 
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Exercise Set 8 



So We the given -exponential equation. 



1. 



2. 



,2x+5 



75 



3. 10 



4x-2 



3x 



4. 75 = 31-6 



-O.SOt 



^ — The ToqarithnujLJ'unctioh. 



If the relationship between x and y in the exponential 
function y = b'* is reversed^- that is, the value of the 
exponent logarithm function is formed. In general, 
wheneve.r y = b*, the logarithm function is x = log^^y. 

Since a tunctionai relat ionship between two quantities is" 



Independent 4af^tbe^^var4rables ^ised to^fepresent-them>- 
the X amd y are interchanged so that the cyeneral form 
of the logarithmic function is y = logj^x. • 

k solution^ of the equation y « log. x is an ordered pair 
(x,y) which satisfies the equation" The equation y = logjX. 
has solutions M/4, -2), (1,0), (2,1) , and-464,ej , 

The g raph of a logarithmic function, J.ike that of the ex- 
ponential function, is of two forms depending upon the 
base b. These forms appear in Figure 7 3. 





Figure 7.3 
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Kxanple. 

6.1 Plot the graph y « log3X. 

Step 1. Construct a table x>f values for 
given values of x. 



X 1 0 


1/9,1 


V3i 


1 i 


3liJ 


-y^i 






1 


X j 0 


ri/9 




1 1 




V 1*? 


-2 






+tt1 



* Not tiefrned. 

Step 2. Graph the solutions derived from the 
table in Step 1. Join the points 
with a smooth curve • 




Figure 7,4 



Exercise Set 9 . 
Sketch the graph of each function. 



Tl. y » log 



0.5- 



2. y\- logjX 



3. y « log^QX 



CHAPTER ONE 



Set I (Page 2) 

cr 

1. a, yesr y » 3x 

c- yesr y = 2x + 5 



b, yeSf y 
d, no ^ 



3. no 



5, ye» 



2* b, c- e, f- 
4, yes 



9 



Set 20(Paqe 4) • 

1. a. (5,-3> 
c. (0.6,-6;6) 

0 

2. (0,-1) ,(5,14) , (-3,-10) , (\,0) , (4.6,12.8) 

3. answer V" vary . 4. 10 



b. (|,-7) 
ar (|,16) 



Set 3 (Page 6) 

1. t y 



2. 



3. Q»S 



100 



to 



■1 
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r 
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Sct S (Page 13) 

1. ^. 5 

d. 3 

f. m 



b. -5 
e. -2 
h. /7T 



c. ~3 
f. -4 
i. 



Set fl (Page 16) 



^ -120 



^ . yes 

.-I 



Set 7 (Page 19) 
1., a. 2x - 15y 
c. X « -4 



-59 



2. a. 3x - y = 5 
c. 4x - -iy ^ 13 

3. a. 6y + y = ~5 
c. X - y * 0 

4. a. m « 5 

b » -10 

c. m » 0 
b » -8.e 



m = 5 



ERIC 
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5. 3x - y - 0 
7. gx + ay « 0 



4. no 



b. 








y 






d. 


y 




5 












y 




-5 


d. 


57x 


+ : 


b. 


X 




3y 


d. 






0 


b! 






-1 




b 




0 


d. 


m 




r 




b 




-k 


f . 


m 




-1 




b 




0 



c. -3 



5. ves 



= 91.5 



= 21 



6.. 2x,+ 5y - 25 



102 



Set 8 (Page 21) 

2 OZ 
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s4t 1 (Page 25) 
1. a. 



c. 



e. 



2i a. 17;364« 



3. a. n*34^9* 



d. 3»37'25" 



CJiAPTER TWO 



b. 



d. 



h. 



b.#5»30'0* 



16»28'55" 
«. 41»43'40" 




c. 47«21'36 



c. 73«20' 



9et 2 {Page ^6)' 



1. a. g 



d. 



17 '^^^ 

Set 3 (Page 29) 

1. a. 0.707 
d. 2.000 

2. a. 30', 150« 
/7 



3. sin e = 
sec e = 



4 

'3 



b. 6732«» 
e. T).785 
h. 179. 909' 



b. 0.707 
e. -0.577 
h. 32.966 



c. 3g rev 
f. 94.248 



b. 69.757", 290.243* 



- -3 
cos 6 = — J 



cot 0 = 



-3/T 



tan e = - 



/7 



c. 0.268 
f. -1.540 
i. -1.414 



c. 273.735«, 
9i.735» 



CSC © = 



4/7 



Set 4 (Page 30) 

- 1. a * 3 m 

B »°53.130^ 
A = 36.870° 

4. B - , 

a * 1.000 cm 
c ' 1.414 cm 



2. b = 15 cm 
A = 53.130°' 

B = 36.870° 



5. A 
b 



63" 

199 mm 
438. mm 



3. B = 60* 

b = 1. 732 )an 
c = 2 km 

6. 18.^)2° 



Set 5 (Page 33) 
1. « 



4. 240 



2. 17 



— — 5._fe_2yi 

7. 250* , 125iT,.62.5ir «• 



I, 6.42?, 0.673 



b. $33.63 



3. 225TT 
6.. 9.549 
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Set 6 (Page 37 ) 



X. 9. D 



b. I 



c. B_ 



d. H 



Set 7 (Page 40 ) 
1. a. <0.61, 6.97> 

2. .a. <13, 4> ^ 

3. {/VL, 218. 66«) 

-5. A«'<-45.963, 38.567>, B = <28.925, 34.472>, 73.039 



b. <-12.7.8, 4.65> 



b. <22, 8- 



c. <0.57, O.IO 



c. <25, 12> 



4. 180 , 99.419 cm/sec 



Set 8— (Page 41) 
1. a. <3.00; 5.20> 



2. a. (12.37, 108.52*») 



b. <7.07, 7.07> 



d. <54.64^ -65.11> e. <67.0l^, 0.00,> 



b, (12.05, 201.67 ) 



c.<-350.(}0, 
-606.22r> 



\ 

c. (144.84, 
59. 30") 
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Set 1 (Page 44 1 



1: 



(-2,3) 
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inconsl stent 



f 
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3. 




Set 2 (Page 



46 



1. (ir2) 

4. Dependent 

t 

Set^ 3 (Page 47 ) 



/ 



} 



T. (0,-2) 



¥> m 



2. (-5/::H) 




5 (260 -70. x 



2. (lia) 



,3. (-7,-5) 



3. (-1,5) 



4. (14,16) 



set 4 . (Page 49 ) 

-iv ^. 3 



2. a. (25,15) 



h.' 0^ 



b. (|,^) 



2 * 

3. taa/min 



c. ^-4 



^c. (|,3) 



d. Incon- 

^ist^ftt 



4. ^ Jon/min (river); j| kin/mih (speedboat); --^ km/n>in (barge)- 

,. Set 5 (Page 52 ) 

1. (1,1^-2) ' '2. (-3,5',10) 



set 6 (Page 54 ) 
1. (1,2,3) 

ERIC 



2. (5,2,0) 



Set 7 ePaqe 55) 
1. (2,0,-2) 



-lOi- 



2. (1,2,3) 



s 



CHAPTER FOUR 



Set 1 (Page 57) 
I. a. 

y 




5" 



Set 2 (Page ^60^ 
: a. -2, 5 b. -2,2 c. /5 

2. a. 5,0 b. 2,0 c. -4 , T 



set 3 (Page 69 

1, a. 0, -4 b. -3, 5 2. a. 0,3 



■ 5 °' 4 5 

b. 2. 4 ^ c, -2, 5 d. 3,*-5 

1' 4 

* 3. a. -4, I ^: 3 

b. SlfT^l 5. 2.064. sec 

ERIC: "~ 



• 7. a. 7.068 cm* 



b. 10^,91 cm 



CHAPTEA FIVE 



Set 1 (Paq^ '68 ) 

t 

I, a.; imaginary (pure) 

c. real 
f e. imaginary 

.g. imaginary '(pure) 



2. a. 0 + 10 j 



b.- 3 - 6j 



b. imaginary 

d. real 

f. real 

h. re 2^1. 

c. 5 + /5- 



Set 2 (Page 70) 
1. 3.7 - 8j 
3. 10 
5. 1 

- 10 24. . 



Set 3 (Page 71) > 

1. ±j 2. 3 ± j 



2. -3 + 7j 

t 

4.^,27 + 14 j 

,6. -2 - fj. 
8. '7 - Ij 



3. 4 



. Sm<t 1 (Page 73) 



CHAPTER SIX 



2. 



"TT 



; X y 0,' 
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'/ 



A 2t ' 3 . ° 2 



-4 



• Set 2 (Page 75) 
, 3x(x « 3> 



3.1 



- -3T(T + 1) \ 

St + 4 ^ 
. x(x + 2) 

^- S(ix - li 



Set 3 (Page 77) 
1.1' 



2. ^2^3 * ^1^3 ^ V2 



3. 



4. 



^2 - ^1 
2l * ^2 



'*1^2^3 



t - 8 
t - 4 



5. 



€3x - 6x + aO 
144X-' 



2 A 
5x^ - 193C +*8 



^- 2(x \ l)(x - iMt + 5) 



Set 4 (Page 80) 



1. a. \ 



2. a. 



b. 6 

^1^2^:3 



„ 9000 ^„ 



c. -3 



b. 



^1^2 



4500 



3 3 2 



4^ 271 cycle/ sec 



aiAPTER SEVEN 



Set 1 (Page 82) 
r 4 „ . 1. a.^ b. 125 

e. 1024 • f. 1 



c. 10 ^000 
1 



d. 0.027 




i 



-104- 



2. a. 10' 



e. (0.2) 



b. 4^, 2* ' c. 6^ 

f. 10\ (100)2 



d. (2)2 



S et 2 (Page 84) 
1. 32x5 2. 



5. w-"-^ , 6. -32 



7. 225x 



14 



4 «^ 

X 



8. y 



8 



^' T 



10. 



16x^ 



Set 3 (Page 84) 



1. 


1 

5 


2. 


1 








1 


5. 


1 


6. 


T 








X 


9: 


IT 


10. 


1 



3. 8 



7. 15 



11. -i 
x^ 



4. 



6? 



8. 625 



Set 4 (Page 86) 

1. 20 2. 8 



5. 



166,666 



6. 1 



3. 2 
7. 1 



8 i 
^- 8 



10. 



4y 



11. 



125 
216t' 



12. -TO 

y 
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Set 5 (Page 88) 




c. 10* - 10,000* ^ d. 10°-^^^^ = 8.312 



Set 7 (Patie 90) 

* ' 3 

1. 3 + 3 logjX 2. 1 - 5 log^ x 3. 3 + 5 1002 

4. 3 + log 5 5. -4 + logj^Q 3 6. log^ 3-3 

Se^ 8 (Page 92) _ - ^ 

3. 1.201 4. 
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f'ot 9 (Page 100 ) 




HOT- 
INDEX 



-Addition 

coi^lex numbejirs^ 69 
rational expressions^ 75 

Adjacent side. 
Angle, 22 
central, 31 
negative, 22 
positive, 22 
Angular velocity, 32 

Arc length,— ^ "~ ~ 

Ar€^ of a circular Sector, 32 

. Average velocity^ 32 
^Axes, coordinate, 4 

Cofactor, 52 

-ToiiBseifr I^gafxtlm B^8 

Completing the square, 61 
Coi^l^x nuxnbers, 67» 
Complex roots, 71 * 
CoH^nents of vecotrs, 38 
Conversion of units, 25 
Coordinates, 4 « 
Cosecant, 2^ 
Cosine, 26 
Cotangent, 26 
Cramers rule, 48, 52, 53 

Degree, 22 
Delta notation, 14 
Dependent system, 44, 46, 49 
^ Determinant, 

se^'ond order, <8 
third order, 52 
* Direct varia?:ion, 20 

Direction of veq-tor, 32, 36 
Discriminant, 71 ^ 
Distance between points, 10 
Distance formula, 12 
Division, 

complex numbers, 69 
rational expressions, 73 

e, 88 

Elimination ^ add/subt , 47, 51 

IquationS jL — — 

exponential , 90 
graphical solutions, 60 
involving fractions, 77 
' linear, 3 ^ 
quadratic, 56 



roots of , 58 

systems of linear, 42, 50 

trigonometric, 29 
Exponential equations, 90 
Exponential function, 86 
Exponents, 82, 84 

laws, 83 

Factor, 73 
Formula 

quadratic, 63 - 
Fr^tions, 

fundamental principal, 72 

lowest terms, 72 
Functions, 1 

exponential ,86 
" Tihear, T 

logarithmic, 92 

quadratic, 56 

trigonometric, 26 

'zeros, 58 

Graph . . 

exponentietl function, 86 
linear function, 6 
logarithmic function, 6 
quadratic -function ,56,60 
ordered pair, 4 

Hypotenuse, 12 

Imaginary numbers, 67 
Inconsistent systems, 44, 46, 
Initial point of, a vector, 35 
Initial side of angle, 22 

Least common denominator, 75 
Length of arc, 31 
Linear equation (s), 3 

system of , 42 
Linear function, 1 
Linear velocity, 32 
Logaritlimic function, 92 
Logarithms, 88 
- common ^ 88 
naturalr^^ — — 

properties, 89 — 

Magnitude of Vector, 32, 38 
Minor, *52 

Minute (angular measure) , 22 



•]08- 



Multlplication, ^ 

~ national expressions, 73 



88 



Negative angle, 22 
Nunber, 

. c<:mplex# 67 

- ini a ginary r"67 

reai^6* — 



Parallel lines, 15 
Faralielogram method, 36 
Perpendicular l ine8j._15 _ 
^oint-alope form-.Q^ litie , 17 
Polynomial, 72 ^ 
Positive angl^, 2^ 
Power , 82 

Principal root, 68 

Product, 

complex numbers^ 69 
ratironal expressions, 74 

Pytliagoreah theorem, 12 



Quadrant, 4 
•Quadratic equation, 60 . 

Quadratic formula, 6'3 

Quadratic f una tion , 56 

Qiwtient, 

cosq^lex numbers, 69 
rational 6:|^ressions, 74 

Radian, 22 
Radius vector. 
Rational 
Rectangul 
Reoip^i 
relati 
Result a^ 
Revolution, 22 
\ Roots of quadratic e^uation^. 



nate system. 




58 



-Scala?:, 39 

secaiit , ^ni, , ^ 
SecoiEid (angular Jtieasure) , 22 
Slnhi 26 ^ 

Slqpe a line, i:^, 14 
Sldpe<»intercept £orm of line, 18 
Sl4^*point form of line, 17 , 
^ Solution (a) , 
FRir es^nential a^pati^^ 
£1]^ iftear eguat^ioiif 3 



logarithmic equation, 92 __ _ 
^ tjuadratic equation, 60^ 61, 71 

system of equations, 42, 45, 47 ^ 

of a right triangle, 29 
Square, completing the, 61 
Standard, completing the, 61 
Standard: position of angle, 22 
Straight line, 7 



Subst rtution , elimination, 47 

Substraction, 

cofiqplex numbers^ 69 
rational expressions, 75 

Sum, 

— coii^ex^ numbers, \69<o 

rational expressions ^ 75 
vectors, 36, 39 
System, 

dependent, 44, 46, 49 
inconsistent, 44, 46, ^9 
linear equations, 42\ 50 

Tangent ,26 

Terminal point of vector, 35 
Terminal side of angle, 22 
Triangle method, 36 
Trigonometric^ functions, 26 
Tvra-point form of line, 17 

Units of angular measure, 22 

Vector, 35 
Vectpr quantity, 35 
Velobityv angular, 32 
Vertex of angle, 22 



X-^component , 38 

Y«*component , 38 - 
Y- intercept, 18 

Zero exponent, 84 
Zero of function, 58 
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